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FUNDAMENTAL EXISTENCE THEOREMS 



BY 
GILBERT AMES BLISS 



INTRODUCTION 

The existence theorems to which these lectures are devoted 
have been the subject of a long sequence of investigations 
extending from the time of Cauchy to the present day, and 
have found application at the basis of a variety of mathematical 
theories including, as perhaps of especial importance, the theory 
of algebraic functions* and the calculus of variations. If a single 
solution (a; 6) = (ai, a 2 , , a m ; &i, 2, *, &) of a set of 
equations 

/(a?i, a?2 > z m ; 2/1, 2/2, , y n ) = (a = 1, 2, , ri) 

is known, then in a neighborhood of (a ; 6) there is one and only 
one other solution corresponding to each set of values x in a 
properly chosen neighborhood of the values a, and in the totality 
of solutions (x ; y) so defined the variables y are single-valued 
and continuous functions of the x's. If a set of initial constants 
(I? i?i> ^?2, * * > ??w) is given, then in a neighborhood of these values 
there is one and but one continuous arc 

y= y.fc) (a = 1, 2, -, n) 

satisfying the differential equations 



dx "~ ^ aV ' ffl * ya * ' ^ w/ 

and passing through the initial values 77 when x = 
2 1 
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The formulation and first satisfactory proofs of these theorems, 
at least for the case where only two variables x, y are involved, 
seem to be ascribed with unanimity to Cauchy. For the implicit 
functions his proof rested upon the assumption that the function 
/ should be expressible by means of a power series, and the 
solution he sought was also so expressible, a restriction which 
was later removed with remarkable insight by Dini. For a 
differential equation, OR the other hand, Cauchy assumed only 
tie continuity of the function g and its first derivative for y, 
and Ms method of proof, with the well-known alteration due to 
Lipschitz, retains to-day recognized advantages over those of 
later writers. 

In the following pages ( 1, 18) the two theorems stated 
above are proved with such alterations in the usual methods as 
seemed desirable or advantageous in the present connection. 
The proof given for the fundamental theorem of implicit functions 
is applicable when the independent variables x are replaced by a 
variable p which has a range of much more general type than a 
set of points in an ^-dimensional #-space.* It is not necessary 
always to know an initial solution In order that others may be 
found. In the treatment of Kepler's equation, for example, which 
defines the eccentric anomaly of a planet moving in an elliptical 
orbit in terms of the observed mean anomaly, one starts with an 
approximate solution only and determines an exact solution by 
means of a convergent succession of approximations. This 
procedure is closely allied to a method of approximation due to 
Goursat ( 3), suggested apparently by Picard's treatment of the 
existence theorem for differential equations. 

One of the principal purposes of the paragraphs which follow, 
however, is to free the existence theorems as far as possible from 

* The notion of a general range has been elucidated by Moore, The New 
Haven Mathematical Colloquiiim, page 4, the special cases which he partic- 
ularly considers being enumerated on page 13. An application of the metnod 
of 1 of these lectures when the range of y is a set of continuous curves, has 
been made by Fischer, "A generalization of Volterra's derivative of a function 
of a Mne," Dissertation, Chicago (1912).- 
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the often inconvenient restriction which is implied by the words 
" in a neighborhood of/ 5 or which is so aptly expressed in German 
by the phrase " im Kleinen." It is evident from very simple 
examples that the totality of solutions (x; y) associated con- 
tinuously with a given initial solution of a system of equations 
/ = of the form described above, can not in general have the 
property that the variables y are everywhere single-valued 
functions of the variables x, and the result of attempting, 
perhaps unconsciously, to preserve the single-valued character 
of the solutions has been the restriction of the region to which the 
existence theorems apply. In order to avoid this difficulty and 
to characterize to some extent the totality of solutions associated 
continuously with a given initial one in a region specified in 
advance, the writer has introduced ( 5) the notion of a particular 
kind of point set called a sheet of points. In a suitably chosen 
neighborhood of a point (a; 6) of the sheet there corresponds 
to every set of values x sufficiently near to the values a exactly 
one point (x] y) of the sheet, and the single-valued functions 
y so determined are continuous and have continuous first de- 
rivatives. This condition does not at all imply that there are 
no other points of the sheet outside the specified neighborhood 
of the point (a; 6) and having a projection x near to a. With 
the help of the notion of a sheet of points it can be concluded that 
with any initial solution (a; 6) of the equations / = there is 
associated a unique sheet 8 of solutions whose only boundary 
points are so-called exceptional points where the functions / 
either actually fail, or else re not assumed, to have the continuity 
and other properties which are demanded in the proof of the 
well-known theorem for the existence of solutions in a neighbor- 
hood of an initial one. It is important oftentimes to know 
whether or not a sheet of solutions is actually single-valued 
throughout its entirfe extent, and a criterion sufficient to ensure 
this property has also been derived ( 7). 

On t*he basis of these results some important theorems co iA - 
cerning the transformation of plane regions into regions of 
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another plane by means of equations of the form 
i, 2/2), if 2 s 



as in the theory of conformal transformation, have been deduced 
(8). If the functions ^ have suitable continuity properties 
and a non-vanishing functional determinant in the interior of a 
sitnplv closed regular curve B In the y-plane, and if B is trans- 
formed into a simply closed regular curve A of the r-plane, then 
the equations define a one-to-one correspondence between the 
interiors of A and B, and the inverse functions so defined have 
continuity properties similar to those of t^i and ^ 2 . This is but 
a sample of the theorems which may be stated. Others are also 
given ( 8) which apply to the transformation of regions not 
necessarily finite, and to systems containing more than two 
equations. 

The theory of the singularities of implicit functions is of con- 
siderable difficulty and has been but incompletely developed. 
For a transformation of the form above in which the functions 
^x, ^2 are analytic, the singular point to be studied, at which the 
functional determinant D = 9(#i, fa)ld(yi f y%) vanishes, as 
well as its image in the .r-plane, may both without loss of gener- 
ality be supposed at the origin. The most general case under 
these circumstances is that for which tbe determinant D does 
not vanish identically and the equations t^i = 0, ^2 have no 
real solutions in common near the origin except the values 
y t as yy, ass Q themselves. It is found that the branches of the 
curve D = bound off with a suitably chosen circle about the 
origin a number of triangular regions. Each of these regions is 
transformed in a one-to-one way into a sort of Riemann surface 
on the ar-plane which winds about the origin and is bounded by 
the image of the boundary of the triangular region (see 11, 
Fig. 6). If the signs of D in two adjacent triangular regions 
are opposite, then their images tiverlap along the common 
boundary; otherwise they adjoin without overlapping. At any 
point of one of the Riemann surfaces the inverse functions defined 
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by the transformation are continuous and in the interior of the 
surface they have everywhere continuous derivatives. These 
results are obtained by means of applications of the theorem 
described above for the transformation of the interior of a simply 
closed curve B\ and the same method of procedure would un- 
doubtedly be of service when the curves ^i = 0, ^ = have 
real branches through the origin in common, which must occur 
whenever they have common points in every neighborhood of 
the values yi~y% 0. The case where the determinant D 
vanishes identically is also considered ( 12). 

For the singularities of implicit functions defined by a sys- 
tem of equations / = there is a generalisation of the prepara- 
tion theorem of Weie?strass ( 9) suggested to the writer by 
some remarks in the introduction of Poincar6's Thesis, and 
by a study of the elimination theory of Kronecker for algebraic 
equations. The theorem is presented here ( 13) for two equa- 
tions and two variables #i> y% in the form originally given at the 
time of the Princeton Colloquium, but the method of proof is 
similar to that of a later paper* and applies with suitable modi- 
fications to a system containing more equations and independent 
variables. These results can not by any means be said to afford 
a complete characterization of the singularities of implicit 
functions, but it is hoped that they may be useful in paving the 
way for researches of a more comprehensive character. 

The writer published some years ago a paperf concerning the 
extensibility of the solutions of a system of differential equations, 
of the form specified above, from boundary to boundary of a finite 
closed region R in which the functions g a are supposed to have suit- 
able continuity properties. In thelast chapter of these lectures the 
character of the region has been generalized so that no restrictions 
as to its finiteness or closure are made, and it is shown that the 
approximations of Cauchy converge to a solution over an interval 



* See the footnote to page 73. 

t " The solutions of differential equations of the first order as functions of 
their initial values," Annals of Mathematics, 2d series, vol. 6 (1904), page 49. 
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in the Interior of which the limiting curve is continuous and 
interior to jR, while at the ends of the interval the only limit 
points of the curve are at infinity or else are on the boundary of the 
region. The solutions so defined are continuous and differenti- 
ate with respect to their initial values, a property which once 
proved is of great service in many of the applications of the 
existence theorems. One situation in which these results have 
an important bearing is related to a partial differential equation 
of the first order 

F(x, y> *, dzfdx, dz/dy) = 0. 

When this equation is analytic, any analytic curve (7, which is 
not a so-called integral curve, defines uniquely an analytic surface 
containing the curve and satisfying the differential equation. The 
uniqueness in this case is a consequence, in the first place, of 
the fact that an analytic surface is completely determined when 
an initial series defining its values in a limited region is given, 
and, in the second place, of the theorem that at a given point 
and normal of the initial curved satisfying the differential equa- 
tion there is but one series defining an integral surface including 
the points of C and having the given initial normal. It is not 
self evident in what sense a solution of a non-analytic equation 
is uniquely determined by an initial curve, as may be seen by very 
simple examples. An initial curve which is not an integral curve 
will in general have associated with it, however, a strip of nor- 
mals which satisfy the partial differential equation, and whose 
elements as initial values determine a one-parameter family of 
characteristic strips simply covering a region R xy of the a$-plane 
about the projection of the initial curve 0. There is one and but 
one integral surface of the differential equation with a continu- 
ously turning tangent plane and continuous curvature, which is 
defined at every point of the region R xy and contains the initial 
curve C and its strip of normals ( 19). 



CHAPTER I 

OBDINAKY POINTS OF IMPLICIT FUNCTIONS 

1. THE FUNDAMENTAL THEOEBM 

The fundamental theorem of the implicit function theory 
states the existence of a set of functions 

y* $*(&i> afe, , afc) ( 1, 2, , n) 
which satisfy a system of equations of the form 
(1) f a (xi, # 2 , , aw; y\ 9 #2, ,) (a = 1, 2, - , ri) 

in a neighborhood of a given initial solution (a; b). Dini's 
method,* for the case in which the functions /are only assumed to 
be continuous and to have continuous first derivatives, is to 
show the existence of a solution of a single equation, and then 
to extend his result by mathematical induction to a system of 
the form given above, a plan which has been followed, with 
only slight alterations and improvements in; form, by most 
writers on the theory of functions of a real variable. In a more 
refcent paperf Goursat has applied a method of Successive ap- 
proximations which enabled him to do away with the assumption 
of the existence of the derivatives of the functions / with respect 
to the independent variables x. 

One can hardly be dissatisfied with either of these methods of 
attack. It is true that when the theorem is stated^ as precisely 
as in the following paragraphs, the determination of the neighbor* 
hoods at the stage when the induction must be made is rather 
inelegant, but the difficulties encountered are not serious* The 
introduction of successive approximations is an interesting step, 

* Lezioni di Aaalisi innnitesimale, vol. 1, cnap. 13. For historical remarks, 
see Osgood, Encyclop&die der mathematisclien Wissenschafteu, II, B 1, 44 
and footnote 30. 

t Bulletin de la Sod6t& mathtmatigue de France, vol. 31 (1903), page 185. 

7 
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though it does not simplify the situation and indeed does not 
add generality with regard to the assumptions on the functions/. 
The method of Dini can in fact, by only a slight modification, 
be made to apply to cases where the functions do not have 
derivatives with respect to the variables x. The proof which is 
given in the following paragraphs seems to have advantages in 
the matter of simplicity over either of the others. It applies 
equally well, without induction, to one or a systems of equations, 
and requires only the initial assumptions which Goursat mentions 
in his paper. 

Where it is possible without sacrificing clearness, the row letters 
/, x 9 y, p, a, b will be used to denote the systems 

/ = (fl,/2, ' ' ',/), * = (Xi, X 2 , - -, X m ), 

y = (j/b 2/2, ' ' *, #n), <* = (ai, 02, ' ', dm) 9 

b = (bij bz, , b n ), p = (<zi, o 2 , , a m ; &i, 62, * , 6). 
In this notation the equations (1) have the form 

/(*; y) = o, 

the interpretation being that every element of /is a function of 
si, 2, , 2m5 i, y*> * and every /,- is to be set equal to 
zero. The notations p 3 a , b t represent respectively the neigh- 
borhoods 

|s a|<, |y 5|<; i^-o|<6; |y 6|< 

of the points p, a, 6. 

With these notations in mind the fundamental theorem which 
is to be proved may be stated as follows: 

Hypotheses: 

1) the functions f(x; y) are continuous, and have first partial 
derivatives with respect to the variables y which are also continuous 9 
in a neighborhood of the point (a; b) which will be denoted by pi 

2) /(a; 6) = 0; 

3) the functional determinant D = d(fi, /, , /n)/9(yi, ifo 
* * > y) w different from zero at p. 
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Conclusions . 

1) a neighborhood p s can be found 'in which there corresponds 
to .a given value x at most one solution (x- 3 y) of the equations 

/(; jO = 0; 

2) for any neighborhood p with the property just described a 
constant S ^ can be found such that every x in a& has associated 
with it a point (x; y) which satisfies the equations f(x; y) = 0; 

3) the functions y(xi, x%, , x m ) so found 'are continuous in 
the region a$. 

For the neighborhood p e let one be chosen in which the 
continuity properties of the functions / are preserved. If 
(x; y) and (#; y') are two points in p , it follows, by applying 
Taylor's formula to the differences /(x; y f ) f(x-, y), that 



/.(*; y'} -/(*; ) = : (2/1' - 2/1) + + f &' - .), 

C'l/l C'i/n 

where the arguments of the derivatives dfjdy^ have the form 
x; y + & a (y f y) y and < B a < 1\ The determinant of these 
derivatives is different from zero when (x; y f ) = (x; y) = (a; b), 
and hence must remain different from zero if p e is restricted so 
that in it the functional determinant D remains different from 
zero. It is then impossible that (x*, y) and (x; y f ) should both 
be solutions of the equations f(x; y) = 0, if y is distinct from y'. 
In the corresponding region 6 the function 

?(a; 0) = /i 2 <>; y) + /2 2 (a; y) + - + fn 2 (a-, y) 

has a minimum for y = b, since for that value it vanishes arid 
for every other it is positive. In particular 

<p(a; 7?) (p(ai fe) > m > 

when TJ ranges over the dosed set of points T? forming the boundary 
of b e , on account of the continuity of <p, and the inequality 

<p(x; v) <f>(x; b) > n 
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remains true for all values a; in a suitably chosen domain a*. 
Hence for a fixed a? in a a the minimum of p(x; y) is attained at a 
point y interior to 6 e . At such a point, however, 

i n *&JJ> 'A/ Sk-f 

L~Z f ** .- / / 2 I . . . 4. f J* A 



i *i S^ J5 / 

"* JJP / 5/1 t / H/2 j I * St? -- n 

2dy n " ^flyn J2 3y n Jn dy n 

and this can happen only when all the elements of / are zero, 
since the functional determinant D is different from zero in p e . 
It follows that to every point x in a& there corresponds in p 
a solution (x; y) of the equations /(#; y) = 0, 

The functions y(i, x 2> , a^) defined in this way over the 
region a s are all continuous. For consider the values y and 
y + &y corresponding to two points x and x + Ax. By apply- 
ng Taylor's formula it follows from the relations 



which are true because (; #) and (a? -p Aa;; ^ + Ay) both 
/ = 0, that 



(2) 



Ay) - 



where the arguments of the derivatives Qfjdj/t have the form 
ic; y + 0*Aj/ (0 < 6 A < 1). The determinant of , these deriv- 
atives is different from zero on account of the way in which p t 
was chosen, and the second members of the equations approach 
zero with A#, Hence the same must be true of the quantities 
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Ay, and thus the functions y(xi> x%, *, Xm) are seen to be 
continuous. 

A similar application of Taylor's formula leads to the con- 
clusion: 

// the functions f have derivatives of the first order with respect 
to Xk which are continuous in\ the neighborhood of p, so haw also 
the functions y(x\ 9 x%, * *, #m) in the region a$; and if the fs 
have all derivatives of the nth order continuous, so have the functions 



For suppose 

Aa?i * 0, Ax z Aar 3 = = A^ = 0. 



Then by applying Taylor's formula to the second members of 
equations (2) it follows that 



where the arguments of the derivatives SlLfdxi have the form 
x + 0/Aa:; y + A^. Hence as A#i approaches zero the quotients 
approach limits dyjdxi which satisfy the equations 



(3) 

3/t. Zb~ "* -S/,. 2/%. "1 " 



where the arguments of the derivatives of / are now (x;y), 
A similar consideration shows the existence of the first deriv- 
atives with respect to the variables #2, #3, * , #. The ex- 
istence of the higher derivatives follows from the observation 
that the solutions of equations (3) for the quotients dfjdy^ are 
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differentiate n 1 times with respect to the variables x, on 
account of the assumption that the functions / are diiferentiable 
n times. 

2. EQUATIONS IN WHICH THE FUNCTIONS ARE ANALYTIC 

It, seems necessary to proceed differently in order to prove that 
when the functions /in equations (1) are analytic with coefficients 
and variables permitted to assume imaginary values, the solutions 
y = y(xi, #2, > %m) are also analytic functions of the variables 
x. The following theorem can first be proved : 

When the functions f are formal series in the variables x\ y with 
literal coefficients and having no constant terms, then there exists 
one and but one set of series 

(4) y* = y(Xi,Xt, "^Xm) 

for the variables y, which vanish with the x s and satisfy identically 
the equations f(x; y) = 0. Each coefficient in the series y is 
rational in a finite number of those of the functions f, the only 
denominators occurring being powers of the determinant R of the 
coefficients of the linear terms in y. 
To prove this let the equations / = be written in the form 

= gi(x\ y), 



where the functions g have no linear terms in y. By multiplying 
these equations by proper factors and adding, they may be made 
to take the form 
(5) t/ a = h a (x- 3 y) (a 1,2, ---,n), 

where the series h have still no linear terms in y and have coeffi- 
cients which are rational in those of the functions /, the only 
denominators occurring being the determinant R. Any series 
for y which satisfy formally the original equations must satisfy 
the last equations, and vice versa. 
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Consider now a set of series (4) in which the coefficients are 
indeterminates c. If they satisfy the equations (5) identically, 
then by comparison of coefficients on the two sides it is seen 
that any coefficient c v of a term of degree v must be equal to a 
polynomial, with positive integral coefficients, in a finite number 
of the coefficients of the functions h and in the coefficients c,-* 
of terms in the functions y of lower degree than v. For there 
axe at most a finite number of terms on the right of any given 
degree v, and since the functions h have no linear terms in the 
variables y it follows that wherever the term containing c v 
occurs it is always multiplied by a y or by a power of some of 
the variables x, and hence c v can only appear in terms of degree 
greater than v. Since the coefficients of the linear terms in the 
functions y are equal respectively to corresponding coefficients 
in the functions h, it follows by an easy induction that every 
coefficient in the functions y must be a polynomial with positive 
integral coefficients in a finite number of the coefficients 
of the functions h. There is evidently but one set of series (4) 
of the kind described satisfying formally the equations (5), or 
what is the same thing, the equations / = 0. 

For any numerical choice of the coefficients of the functions f in 
the domain of real or imaginary numbers for which the series f 
conwrge and the determinant R = | a a/J | is different from zero, 
the series -(4) for y will also be well-determined and convergent. 

For, a set of equations 

(6) y^H^y} ( 1,2, ,*) 

can be constructed whose coefficients are all positive and greater 
numerically than the corresponding coefficients in the functions 
h, and for which the corresponding series y = Y(XI, # 2 , -, Xm) 
converge. The coefficients in the functions Y will be greater 
numerically than the corresponding coefficients of the series 
y(%i, #2> "" 9 %m) y and hence the series y will also converge. 

,To show this suppose that p is a positive constant smaller 
than the radii of convergence of the functions h(xi y). Then 
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the series h(p; p) are convergent, and each te*m is numerically 
smaller than a constant M chosen greater than the sum of the 
absolute values of the terms in any one of the series h(p; p). 
The coefficient of any term in h(x; y) is less than M/p v where v 
is the degree of the term. The series 

M r ___ 

" '*; y} - 7 ^ 4- * 2 + . . . + a " ' ~~ 



are similar to the series h(x; y} in the matter of missing terms, 
and dominate them in the manner described above, since the 
coefficient of any term of degree v is M/p v or greater. 

The unique series satisfying equations (6) will evidently be 
convergent if a convergent series u in x can be determined 
satisfying 



M 



u = 



,, -, 

M M , 
P 



for then every series y can be put equal to that series u. The 
latter equation is however a quadratic in u and has the solution 



2n(p+Mri) 



1- 



4Mn(p+Mn) 



1- 



vanishing with a;. This will certainly be representable by a 
convergent series in x provided that 



m(p 



(i= 1,2, 



since then the second term under the radical is numerically 
less than unity. 
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The two theorems which have just been proved enable one to 
make the following statement concerning the solutions whose 
existence was proved in 1 : 

// the functions f(x; y) are analytic in the region p ey then the 
solutions (4) of the equations f(x; y) = are analytic at every point 
of tJw region a&. 

It is only necessary to transform the origin of coordinates to 
the particular point (x; y) of the solution which it is desired to 
investigate. 

Furthermore when the domain in which the equations / = 
are to be studied is the domain of complex numbers, a theorem 
analogous to that of 1 may be stated. 

If in the domain of complex numbers the functions f(x; y} are 
analytic at a point p(a; 6) at which 



/(a; 6) = 0, D(a; 6) - ../ - * 0, 

L\i/i) yzy ynj J y =5 

then there exists a neighborhood p in which any x corresponds to at 
most one solution (x;y), either real or complex t of the equations 
f(x; y) = 0. For any such choice of p e a neighborhood a s (5 ^ e) 
can le found such that every point x in a$ has associated with it a 
solution (x; y) of the equations f = in p > and the values y for 
these solutions are defined by a set of functions 

(7) y #(i, z 2 , ,3) (a = 1,2, ,) 

which are expressible as series in the differences x a convergent 
in the region a&* 

The existence of the neighborhood p is provable by the ar- 
gument used in 1, since for any two points (x; y) and (x; y') 
in the common domain of convergence of the functions /, equa- 
tions of the form 



(a= 1,2, .--,n) 
hold, where the coefficient A& is a convergent series in the dif- 
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ferences x a, y 6, y f b with constant term equal to a a #. 
The existence of the coefficients A can, be established by con- 
sidering two analogous terms in f(x; y) and f(x; y f ). The 
difference of such a pair of terms will always be linearly expressible 
in terms of the differences 



Furthermore for (x, y, y'} = (a, 2?, 6) the derivative of the first 
member with respect to y ft ' reduces to a ajS , while that of the second 
is the constant term in A aB . Hence for thee values of the 
variables the determinant \ A^ | reduces to D(a, 6) 4= 0. 

By transforming the origin of coordinates to the point (a, b) 
and applying the first two theorems of this section, it follows that 
there exists a set of convergent series (7) satisfying the equations 
/ = Q identically; and for a sufficiently small region a s the 
points (x; y) which they define will all lie In the neighborhood p,. 

3. GOUBSAT'S METHOD OF APPROXIMATION 

The method of approximation which is to be presented in the 
following paragraphs is of interest primarily because it affords 
a direct method of finding the values of implicit functions, and 
justifies computations sometimes used in the applications of 
the theory. In order to exhibit this method suppose again that 
the functions / have the properties described in the principal 
theorem of 1, and consider the following set of equations 
suggested by Taylor's formula* 

fi(x ; y) + a>u(yj - yO 4- a(ya' y) + 

+ ain(Vn - Vn) = 0, 

(8) ............ 

fn(x ; y) + a n i(yi' yO + a n *(y* 3/2) + 

+ a(y n ' 2/n) = 0, 

in which the coefficient a a $ is the value of dfjdy$ at the point p. 
When solved for the variables y 1 ', these equations take the form 

(9) y.' - ri(* ;0) (a - 1, 2, -, ), 
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and one verifies readily by substitution of these expressions 
in equations (8) that the functions <p and all of their first 
derivatives with respect to the elements of y are continuous near 
p; and at the point p itself <p a has the value 6 a , while all of its 
derivatives with respect to the t/'s vanish. 

A sequence of systems y (k) = (yi w , y* (k \ , 2/n W ) beginning 
with the set 



y' = 



can now be defined by means of the recursion formulas (9), which 
are equivalent to 

v* w = v(*iy^) (<*= 1,2, ,*). 

Letpe be any neighborhood of p in which the continuity properties 
of / are retained, and in which the derivatives of <p remain nu- 
merically less than 6/n where < B < 1. If the values of x are 
restricted to a region a 5 (5 ^ e) so small that every element of 
the set y f satisfies the inequality 

(10) | y.' - 6J < (1 - ^), 

then the points (; y (fc) ) will all lie in the neighborhood p e 
and will approach uniformly a limiting point (x; y) which is a 
solution of the equations (1). 

To prove these statements one needs only to apply successively 
the inequality 



- 2/2 



which follows readily by an application of Taylor's formula. 
Since the inequalities (10) hold, the last formula successively 
applied shows that 



Consequently the sum y a w of the first 44-1 terms of the series 

(ID 

3 
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differs in absolute value from b a by a quantity which is less than 

6(1 - ff)(l + 8 + 2 + ---- h 0*" 1 ) = 6(1 - & ) < . 



Hence the points (x; y) all lie in the neighborhood p, 9 and the 
series (11) is uniformly convergent in the neighborhood a&. 

The limiting point (a?; y) evidently satisfies the equations 
/ = 0. For at every stage the values (x, y, y r ) = (x, y ( *~ y , y (k} ) 
satisfy the equations (8), and the first members of these equations 
approach uniformly the values /(a:; y). 

The process of determining the solutions described above is 
evidently one of trial and error. The values y = 6 being first 
substituted, the equations (9) determine approximately the 
correction y' b which must be added to b in order to obtain a 
solution for any value of x near to a. For the values so corrected 
the equations (9) give again a new correction y" y', and so on. 

It is ordinarily presupposed that an initial solution (a; 6) is given, 
but the process may also lead to the discovery of a solution in case only 
an initial point which approximately satisfies the equation is known. 
To show this suppose that the functions/ are continuous and have 
continuous first partial derivatives with respect to the variables 
y in a closed region R of points (x; y) in which the functional 
determinant D(x; y) is different from zero. The functions <p in 
equations (9) are to be thought of as depending upon (x; y) 9 
and also upon the variables (a; 6) which enter in the derivatives 
a0. Then the expressions <p(x, y, a, 6), <p y (x, y } a, b) are con- 
tinuous when (x; y), (a; V) lie in R, and all of the derivatives 
<p y vanish identically when (#; y) = (a; 5). The value of 
<p(a, b y a, b) is not necessarily 6, however, when (a; 6) is not a 
solution. Two positive constants, < 1 and e, can be deter- 
mined so that 

I <p v (x, y, a, 6) | < 8/n 

whenever (a; b) and (a; y) satisfy the inequalities 

| a: a | < , | y 6 | < 6. 
If now there exists a point p(a m t b) for which, the neighborhood p e 
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is entirely within R 9 and such that 

| ?(a, 6, a, b) - b | < 6(1 - 0), 

then the sequence y ( defined converges uniformly as before 
in a neighborhood a s of the point a and determines a solution 

(*; ) 
As an example consider the equation 

(12). y - e sin y = a; (0 < e < 1), 

which in the theory of elliptic orbits determines the value of the 
eccentric anomaly y in terms of the mean anomaly x. The func- 
tion <p is in this case 

e(sin y y cos 6) + a? 





and (p y remains less than B when 

|y-6|<0^-. 

For any given x = a, a value y = b can be determined, by graph- 
ical methods for example, so that 

e sin b a 



The process described above therefore converges in a suitably 
chosen neighborhood of x = a, and a solution of equation (12) 
can be found when an approximate solution only has been de- 
termined in advance. 

4. BOLZA/S EXTENSION OF THE FUNDAMENTAL 
THEOREM* 

The neighborhood P of a set of points P in the space (a;; y) 
is the totality of points (a;; y) which satisfy inequalities of the 

form 

a<, 6 < c, 



*Vorlesungen Gber Vaxiationsreclinung, page 160: also Maihematische 
Annalen, vol. 63 (1906), page 247. The theorem was proved independently 
by Mason and Bliss, " Fields of extremals in space," Transactions of the 
American Mathematical Society, vol. 11 (1910), page 326. 



20 THE PKINCETON COLLOQUIUM. 

where (a; b) is some point of P. The sets of points (a) and (b) 
which belong to points (a] b) of P are the projections of P in 
the or- and ^-spaces, and will be denoted by A and 5, respectively. 

The fundamental theorem of 1 remains true if in its statement 
the single point p is replaced by a set of points P which is finite 
and closed, and which furthermore has the property that no two 
distinct points (a; 6), (a'; 5') of P have the same projection a! = a. 
According to the conclusions of the theorem there exists then a 
neighborhood P c in which no two solutions of the equations f(x; y) = 
haw the same projection x, and a neighborhood A s in which every x 
surely belongs to a solution (x; y) in P e . The single-valued functions 
y(x\, #2, * ' #m) so defined in A& are continuous , and if the func- 
tions f(x; y) haw continuous derivatives of the n-th order in a 
neighborhood of P, so haw the functions y(xi, x%, , Xm) in A s . 

To prove the theorem suppose first that a sequence of positive 
constants & (k = 1, 2, ) approaching zero has been selected 
arbitrarily. If the first part of the theorem were not true, then 
jin any neighborhood P ei there, would be two distinct solutions 
(a;; y)k and (x; y')k of the equations f(x; y) = 0, which would 
satisfy, respectively, inequalities of the form 

| x a \ < fc, | y ft \ < *>; 



| a - ' | < *, 1 y' - ff | < c* 

with two points (<*; /3) fc and (a'; 00* of the set P. Since P is 
finite and closed, the sequence of values (a, 0; a 7 , /30& has a 
point of condensation (a, 6; a', 2/) for which (a; 'b) and (a'; 6') 
are both in P. From the inequalities (13) it follows that 
(a, 6; a', &') is also a point of condensation for the sequence 
(x, y; x, y')k, and therefore a and a' must be tile same. The 
values b and b' must- also be identical since P contains only one 
point p(a; b) with the projection a. According to the original 
statement of the fundamental theorem in 1, a neighborhood p e 
can be chosen in which no two solutions of the equations 
(x; y) = have the same projection x. Hence the existence 
of the sequences (a:; y)* and (x; y')* with the common point of 
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condensation (a; 6) is contradicted, and it must always be 
possible to select a neighborhood P e in which distinct solutions 
of the equations / = always have distinct projections x. 

A similar argument shows that a neighborhood A$ can be 
selected so that to any point of it there corresponds a solution 
of the equations / = 0. Otherwise to each & of a sequence of 
constants approaching zero, there would correspond a point 
(x)k in the region A 8k which would belong to no solution in P . 
To each (#)& there would correspond a point (a)k in A satisfying 
the inequalities 

x a | < Sk 

with the values (#)&, and the points (a)* would have a point of 
condensation a in A 3 which would also be a point of condensation 
for the seqiie'nce (#)&, since A is finite and closed when P is so. 
Bi|t by the original theorem of 1, again, it is known that a 
neighborhood a s of a can be chosen in which every point x has 
associated with it a solution (x\ y) in p t , where'p(a; 6) is the 
point of P having the projection a. Consequently the existence 
of the sequence (x)% is contradicted. 

If now the region P e is so restricted that the functional de- 
terminant D(x;y) remains different from zero throughout it, 
then the original theorem of 1 can be applied to show that the 
functions y(xi, # 2 , > #*) are continuous at any point of 'the 
region A s and possess as many continuous derivatives as are pos- 
sessed -}>y the functions f(x; y). 

5. THE UNIQUE SHEET OF SOLUTIONS ASSOCIATED WITH AN 
INITIAL SOLUTION 

The points of the space (x; y) may be divided into two classes, 
ordinary points and exceptional points, with respect to the func- 
tions /. An ordinary point is one at which the first and third 
hypotheses of the theorem of 1 are postulated, that is, one near 
which the functions-/ and their first derivatives with respect to y 
are continuous and the functional determinant D = d(/i,/2, * * *, 
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#2, , yn} is different from zero. An exceptional point 



s one at which some of these conditions are not fulfilled or are 
not presupposed. 

A sheet of points in the (m + n) -dimensional space (#; y) 
may be defined as a point set 8 with the property that for any 
point p(a; b) belonging to the set a neighborhood p e can always 
be found such that no two points of S in p t have the same pro- 
jection x. In other words, the variables y are single-valued 
functions y($i, Xz> * -, #m) in the neighborhood of the point p, 
for points of the sheet. 

If for any neighborhood J e of the kind just described, a region 
a s (6^ e) can be found in which every point x belongs to a 
point of S in p ti then p is said to be an interior point of the sheet S. 

A boundary point is a limit point of points of the sheet, which 
is not itself an interior point and may not even belong to S. 

A sheet is said to be connected if every pair (x';y')> (x"\y"*) 
#f its interior points can be joined by a continuous curve 

x = x(f) 9 y - y(t) (f t V), 

consisting entirely of interior points of the sheet. 

In the following pages it is always to be understood that the 
sheets considered are continuous and have continuous first 
derivatives, or in other words at any interior point of one of them 
the functions y(a?i, a: 2 , * 3) mentioned above have these 
properties. A sheet will be said to become infinite near a point 
st if x r is the limit of the projections of a sequence of points (a;; y) 
of the sheet for which one at least of the variables y approaches 
infinity. 

With the preceding agreements as to nomenclature in mind, 
it is possible to prove the following theorem: 

If a point p(a\l) is an ordinary point for the functions f and 
satisfies the equations f = 0, then there parses through p one and 
only one connected sheet of solutions of these equations, with the 
properties: 

1) all points of the sheet are ordinary points of the functions -f; 

2) all points are interior points; 
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3) the only boundary points of the sheet are exceptional points for 
the system/. 
The set of points 



defined over the region a$ by the principal theorem of 1, is a 
sheet 8 1 of solutions of the equations/ = which satisfies all the 
requirements of the theorem just stated except possibly the last. 
Its points are all interior points since the region a s is defined by 
inequalities only. If any boundary point p f (af\ V) of S\ is an 
ordinary point of the functions / it must satisfy the equations 
/ = Q, since the /'s are continuous and p f is a limit point of points 
on Si. Consequently the theorem of 1 can be applied in the 
neighborhood of p', and the sheet S' so determined near p f 
forms with Si a new set $2- This process may be repeated any 
number of times, and the totality of points which can be attained 
by a finite number of such extensions, constitutes the sheet S 
required in the theorem. 

The set of points S so determined constitutes a sheet, since 
any point q of it is an ordinary point and a solution of the equa- 
tions/ = 0, and according to the theorem of 1 the solutions of 
these equations in the neighborhood of q have the property which 
is characteristic of a sheet. From the manner of its construction 
the sheet is evidently connected and consists entirely of interior 
points. If any boundary point q of S were an ordinary point of 
the functions /, the sheet could be extended to include q as an 
interior point by the process described in the preceding paragraph. 

There could not be a second sheet S containing a point ir 
not in S and having the properties stated in the theorem. For 
there would in that case be a continuous curve 

x x (f), y y(f) (tit fe) 

in 5) joining p with TT and consisting entirely of ordinary points. 
In a neighborhood of t = ti all of the points defined on the curve 
would also be points of S 9 since the solutions of the equations 
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/ = near the initial point p of the curve are all in S, The values 
of t defining points on the curve and in 8 would therefore have 
an upper bound r t* such that r would define on the curve a 
boundary point of 8. But this is impossible since all of the 
points of the curve are ordinary points, 

If the functions/ are known to be continuous and to have con- 
tinuous derivatives in a region R, then it follows readily from 
what precedes that through any ordinary solution of the 
equations/ = interior to R there passes one and only one sheet 
of solutions having the property that the only boundary points 
of the sheet are boundary points of B, or interior points of R at 
which the functional determinant vanishes. If R is finite and 
closed and consists entirely of ordinary points for the functions/, 
then there can not be more than a finite- number of points of 
the sheet on any ordinate x. Otherwise the points common to 
the ordinate and the sheet would have a point of condensation p, 
also in R. Since p is an ordinary point there can be at most one 
solution of the equations in a properly chosen neighborhood p . 

It is interesting to determine a criterion which shall characterize 
a sheet which is at most single-valued on any ordinate. Such a 
criterion is derived in 7 in connection with a theorem due 
originally to Schoenflies, and afterwards proved by Osgood. 
The proof of it involves the auxiliary notions described in 6 
and the following corollaries to the preceding theorem: 

If the initial point of a continuous arc 

(C x ) x* x t (f) (* = 1, 2, -,m;t f <t< t") 

in the x-space is the projection of a solution p'(x'; y f ) of the equations 
f = which is an ordinary point for the functions /, then there is 
associated with the arc C$ one and only one continuous curve 

(C xy ) Xi**Xi(f), &=&(*) (i*!, 2, , m; al, 2, -, n) 

passing through (x'; y f ) for t = f, with the properties: 
1) all of it& points are solutions of the equations / == and or- 
dinary points of the functions /; 



FUNDAMENTAL EXISTENCE THEQKEMS. 25 

2) it is defined either over the whole interval t f ^ t t", or else 
on an interval if ^ t < r ( <J t") suck that as t approaches r 
the only limit paints of the cufve C xy are at infinity or are excep- 
tional points of the functions f. 

The truth of this statement is readily deduced from the con- 
siderations which precede, or by the following argument. The 
fundamental theorem of 1 1 can be applied at the point (#'; y f ). 
If the arc C 9 is entirely within the region X&' then the existence 
and uniqueness of the curve 'C xv is evident. In any case there 
will be some intervals f t t\ in which curves C xy are defined 
having all the properties described in the theorem except possibly 
2). Suppose that r is the upper bound of the end values t\ 
for such intervals. Then there is a curve C xy well defined in 
the interval tf <[ t < T, and no limit point (a ; j8) of the curve 
as t approaches r can be a finite ordinary point for the func- 
tions /. For if (a ; j8) were such a point, it would also satisfy 
the equations/ = 0, on account of the continuity of the functions 
/, and the theorem of 1 could again be applied at (a ; 0). A 
curve C xy with all the properties of the theorem, except possibly 
2), could then be defined over an interval including the interval 
t f ^ t < r in its interior, which contradicts the assumption that 
T is the upper bound of such intervals. 

There could not be two curves C xy associated with the projection 
C^, having the properties described in the theorem, and having 
distinct points (x\y') and (x;y") corresponding to the same 
value fe. For if so, there would be an interval t*<t t*w 
which the curves would be distinct while at t = U they coincide. 
This is, however, impossible since in a neighborhood' of the point 
corresponding to U there can be but one solution of the equations 
/ = corresponding to a given set of values x* 

Suppose that a continuum X of points (x\ 9 #2, , #m) contains 
no projection of a boundary point of a sheet S of solutions of the 
equations f = 0, and no point near which the sheet becomes infinite. 
Then if X contains the projection of a point on the sheet every other 
point of X will also be sucli a projection. On the other hand, if X 
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contains a point which is not a projection of any point of the sheet, 
then no point of X can be a projection of a point of 8. 

These statements follow readily with the help of the last 
theorem. For suppose that X- contains the projection x 1 of 
an interior point (#'; y f ) of a sheet of solutions of the equations 
/ * 0, and let x ff be any other point of X. Since X is a continuum 
there exists a continuous arc C 9 entirely interior to X joining 
x f and x", and the corresponding continuation curve C xy must be 
defined over the whole of the arc C*. Hence x" is also the pro- 
jection of a point of the sheet of solutions through (x'*, #') The 
rest of the theorem follows at once. 

// the curve C xy in the last theorem but one is defined over the 
whole arc 0$, and has initial and end points p f and p", respectively, 
then there always exists a positive constant p such that any curve T v 
lying in the p-neighborhood of the cune C z and joining x' to x", 
has a unique continuation curse T xv also joining p' and p". 

The curve 

(i - 1, 2, - - , mi u' <> u u") 



is said to lie in the p-neighborhood of C x if there exists a continuous 

function 

(14) * <= t(u) (u f <* u ") 

taking the values t f , t n at the ends of the ^interval, and such 
that the point ot on r, defined by any value of u t lies in the neigh- 
borhood fl p of the corresponding point a of C x determined by 
the relation (14). 

It is possible to choose two constants, 6 and S 3* , so*that the 
neighborhoods p< and a* have the properties described in the 
theorem of 1 uniformly for every point p(a t b) on the arc C* v . 
If not, there would be a sequence of points p* on C fy with a limit 
point TT, for which the largest possible constants * have the 
limit zero. But for the point v there is an effective constant 
c > 0, and the constants *> could not therefore decrease indefi- 
nitely in size. A similar argument shows the existence of the 
.constant 5. 
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Suppose now that the interval u' ^ u u n < is divided by 
values ft* (fe = 1, 2, , y) into sub-intervals so small that the 
points of any arc a,k~-i&k> corresponding on T x to the values 
Uk-i ^ u^Uk all lie in the f 5-neighborhood of the point ctk-i, 
and further so small that the same is true with respect to the 
point a,k-i of the arc ak-ik of C x corresponding to a^iak by 
means of the relation (14). The constant p is supposed to have 
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been chosen equal to JS, so that the curve F lies in the ^8- 
neighborhood of C. Then the four-sided closed curve formed by 
the two straight lines a^icxk-i and a*^, and the two arcs a^a*. 
and ctk-iotk, lies entirely within the 5-neighborhood of the point 
a,ki. The two continuation curves in the #iy-space, starting with 
the point pj^-i on C xy and having as projections the arcs a^ia^k 
and afe_iafc_ia&, respectively, lead to the same point ?r* corre- 
sponding to the point a& in the a>space. 

It is possible to argue, then, that the point ?TI on the continu- 
ation curve of the arc a'ai is the same as that of the continuation^ 
curve for a'aioti, since the arcs a f a\ and a f a\ai lie entirely within 
the 5-neighborhood of the point a\. Similarly, the point w% 
for the arc a'a* is the same as that for the continuation curve 
along a'azaz. And finally the point IT" must coincide with p", 
provided always that the initial points v f and p' of the con- 
tinuation curves are the same. 
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In particular if the cum xy is defined over the whole arc C s , 
as described above, then there exists a polygon in the x~spdce joining 
a' and a" in the p~neighborhood of C x , and along which there is a 
continuation curve in S also joining p' and p". The polygon can 
be so chosen that no two adjacent sides have more than an end point 
in common. 

To show this, let the interval *' ^ t <* I" be divided in any 
way by means of points of division t 1 , t Z) is, > t vt t", and let 
the corresponding points on the curve C* v be (#'; yO, ("; T\"), 
-, ({ (y) ; *? (v) ), ("; ") Tte straight line <*><*+ has the 
equations 

* " *' w - + t^Tk a *' CW) " fe( * i} (i== lj 2> ' " ' m) * 

Since the "functions defining C x are continuous, and therefore 
uniformly continuous, in t' ^ t t", it is possible to take the 
points of division /', t z , t 3 , , t v , t" so close together that the 
differences x - % (k \ for any point x on the arc C*)g(H-D O f O w are 
uniformly less than an arbitrarily assigned positive constant 8; 
and the preceding theorem shows that- the curve C y and the 
continuation curve along the polygon both lead from p' to p". 
If the sides <*><*H-D and ^ jfc + 1 >|< fc+2 > have more than the point 
(H-i> i n common, then one of the two would be included entirely 
within the other, and the continuation curve along p><*+ 2 > 
would have the same end points as that along the two successive 
sides. Therefore, by replacing adjacent sides by a single one 
whenever the two have more than one end point in common, a 
polygon as described in the theorem can be found. 



6. AUXILIABY THEOKEMS AND 

In this section it is proposed to record some theorems which 
will be of service later, especially in the proofs of the theorems of 
7. In the first place let it be agreed that a regular curve in 
the plane shall mean one which is continuous and has a well- 
defined tangent at all except possibly a finite number of points, 
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at each of which, however, the slope of the tangent approaches 
definite limits as the point is approached from either side. 
Analytically this means that the functions 

x = &(*), y = y(t) (t> t *") 

defining a regular curve are continuous in the whole, interval 
? ^ t ^ t", that they are differqntiable and satisfy the inequality 

(15) (dxld)*+(dy/dt)**0 

at all except possibly a finite number of values of t. At an ex- 
ceptional value t = T, where the derivatives are not well defined 
or where the expression (15) vanishes, the angle tp defined by the 
equations 



has nevertheless a unique limit as f approaches r on the right, 
and a unique limit as t approaches r on the left. These two 
limits are not necessarily the same. 

It is known that a simply closed regular curve C in an xy- 
plane divides, the plane into two continua, an exterior and a 
finite interior,* Any two interior points can be joined by a 
regular curve every point of which is an interior point, and a 
similar statement holds for exterior points. Any continuous 
curve joining an interior and an exterior point must have on it 
at least one point of the curve C, and any point p on C can be 
joined with an interior point by a regular curve which has in 
common with C only the point p. 

The interior of a simply dosed regular curve 

x = a), y - y(f) (? t t") 

can be dimded by a finite number of segments of straight lines irdo 

*See for example Osgood, I^hrbuch der Furnktionentheorie, Chapter V, 
{,} 4-6 j Bliss, "A proof of the fundamental theorem of analysis situs/ 7 Bulletin 
of the American M&hematical Society, vol. 12 (1906), page 336. 
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regions each of which has a maximum diameter less than an ar- 
bitrarily assigned positive constant .* 

Let the maximum and minimum values of y in the interval 
f <; t t" be yi and y 2 , and let pi and p 2 be two points of C 
at which y has these values. It is desired to show that there is 
a segment p'p" of the horizontal line y = (yi + 2/ 2 )/2 which 
forms with C two simply closed regular curves, p'pip"p' and 
p f p<tp"p' f each containing one of the points pi and p$. 

The points pi and p 2 can be joined by a regular curve D which, 
except at its end points, is interior to C. Two arcs of D adjoining 
p l and p^ can be marked off in such a way that they do not cut 
the line y = (#1 + # 2 )/2. The remaining arc D' of D is entirely 
interior to and can be replaced by a continuous polygon D" 
with a finite number of sides, having the same end points and 
consisting also of interior points of C only. Any side of D" 
which has an end point in common with the line y = (yi + 2te)/2 
may be rotated slightly about its other end point, and in this 
way it may be brought about that D" has only interior points 
of its sides on the line y = (yi + y 2 )/2, and actually crosses the 
line wherever they have a point in common. 

The polygon D" must intersect y = (t/i + y a )/2 at least once, 
say at a point p, since one end point of D" is above and the other 
below this line. There will be a segment p'p" of y (yi+# 2 )/2, 
containing p and such that p f and p" are on the curve C while 
every other point of the segment is interior to C. There can be 
only a finite number of such segments p'p" containing points 
of D", since D" has at most a finite number of intersections with 
the horizontal line. There must be at least one segment on 
which D" has an odd number of intersection points, since other- 
wise both end points of D n would be on the same side of 
y ( yi + ^ 2 )/2. If p'p" is such a segment, then it forms with 
two simply closed regular curves p'pip"p f and p'p2p"p f * 
one of which contains pi and the other p%. For after its last 
intersection with p'p" the polygon D" and hence p% is entirely 
exterior to the curve p'pip"p f . 

* For a similar theorem see Osgood,.loc. cit., Chapter V, 9. 
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For the moment that part of a curve which does not lie in a 
horizontal line may be called the effective arc of the curve, in 
view of the fact that the altitude of the curve can not be more 
than one half the length of this so-called effective part. If the 
altitude of any curve is ^ , the effective length of either of its 
two parts after subdivision by a horizontal line segment, as 
described above, will be ^ L e, where L is its effective length* 

If the altitude yi y% of C is greater than e, then the effective 
arc of either p f pip"p' or p'pzp f/ p f will be greater in length than e, 
and the effective length of each will also be less than L , 
where L is the perimeter of C. If the curve p'pip"p', for example, 
has still an altitude greater than , it may be subdivided by a 
horizontal segment as before, and the effective arcs of the two 
new curves so found will be less than L 2c. By a continu- 
ation of this process the interior of C will be subdivided finally 
by curves whose effective lengths are less than 2e and whose 
altitudes are therefore less than c, 

In a similar manner the regions so formed may be subdivided 
by vertical segments into others whose breadths are less than , 
and the theorem follows at once. 

A set of points jn an a^-plane is connected if any two of its 
points can be joined by a continuous arc whose points all belong 
to the set, and it is further said to be simply connected if every 
simply closed regular curve in it has an interior which also 
consists only of points of the set. 

It is more difficult to set down a satisfactory definition of 
simple connectivity for sets of points in an m-dimensional space. 
In the following section of these lectures, however, a special type 
of simple connectivity is needed which may be defined by means 
of some simple auxiliary conceptions. 

A normal subspace of two dimensions in a legion X of points 
(xi y 2, * * *, m) is a totality of points defined by equations of the 
form 

Xi = ^(^i, %) (i = 1, 2, *, m} 9 

where 
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1) the values (wi, ufi range over a simply connected region U; 

2) no two distinct sets of values u define the same point x; 

3) the functions <p are continuous and have continuous first 

derivatives in J7; 

4) the determinants of the second order of the matrix of 
derivatives \\d^fdu k \\ (i 1, 2,^ , m; i = 1, 2) do not all 
vanish simultaneously at any point of U. 

A simply connected region in two dimensions is defined above, 
and a connected region X in a space of points (o?i, x% 9 , $) 
has a definition quite similar to that for two dimensions. In 
order to specify conveniently the properties of a region X which 
is simply connected, the term elementary curve will also be used, 
By an elementary curve in X is meant a simply closed continuous 
curve which either lies in a normal subspace of two dimensions 
entirely in the interior of X, or else is such that in every neighbor- 
hood of it there is a simply closed continuous curve having this 
property. It is thus seen that while an elementary curve may 
not itself be imbedded in one of the two-dimensional normal sub- 
spaces interior to X, it can nevertheless be approximated as 
closely as may be desired by one which does. The word neighbor- 
hood is here used in the sense described in connection with the 
fourth theorem of 5 (see page 26). 

If a region* JT is connected, then any simply closed continuous 
curve in its interior may be developed into two such curves by 
an auxiliary arc joining two of its points, and the process of 
development may be continued on the two ares so formed. 

If a region X is such that any simply closed continuous curve in 
its interior is an elementary curve, or may be developed into a 
number of elementary curves by means of auxiliary arcs f as just 
described, then X is said to be simply connected* 

* For a discussion of the connectivity of higher spaces, see Picard and Simart, 
Throne des Foactions alg&mques de deux Variables ind&pendantes, Chapitre 
II, in particular 11 ff. If every simply closed continuous curve interior 
to R lies in a normal subspace of two dimensions interior to 12, one sees intu- 
itively that a second neighboring subspace of the same kind can be passed 
through the curve. The closed two-dimensional subspace so formed is 
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7. A CEITEKION THAT A SHEET OF SOLUTIONS BE SINGLE- 

VALUED 

Consider in the first place a set of equations 
(16) / a (tfi, x 2 ; yi, 2/2, - , y) = (a = 1, 2, , ri) 

in which there are but two independent variables ar. 

If a connected sheet 8 of solutions of equations (16) consists only 
of ordinary points of the functions f, and furthermore has a simply 
connected projection X in the xix^-plane suck that no interior 
point of X is either a point where S becomes infinite or the pro- 
jection of a boundary point of S, then the sheet S is single-valued 
over the interior of X. 

Suppose, in contradiction to the theorem, that over any 
interior point of X there were two points, p f and p", of the sheet. 
Since S is connected there would be a continuous curve 

(C*y) 3i = a?i(0, %i = xi(t), y* = jr a (0 

(? t t"; a= 1, 2, .-.,n) 

consisting entirely of interior points of the sheet and joining p f 
with p" in the space (x;y). The projection 



of this curve would necessarily be a closed curve in the 
and by the second theorem of 5 the arc C xy is the only one 
associated with C x in the sheet S and having the initial point p'. 
The curve C x may be simply closed and regular; but if it is 
not, there will nevertheless be a curve in the region X having 
these properties, and for which the continuation curve analogous 
to C X y is not closed. For, in the first place, from 5 it is seen 
that the curve C x may be supposed to be a polygon no two ad- 
jacent sides of which have more than an end point in* common, 
provided that it is desired only to secure a continuous curve in 

separated into two parts by the curve, and hence the number which Picard 
and SImart designate by pi is equal to unity for a simply connected region of 
the kind denned in the text above. 
4 
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the sleet passing from p' to p". Let the corners of this polygon 
in the ar-plnne be denoted by ft, ft, - , ft, where Is a symbol for 

a point Oi, .r 2 ). The side ft ft touches ft ft at its end point ^ft, 
and It can he argued therefore that there will be some first side 
ftft-u which touches some one of the preceding sides elsewhere 
than "at its initial point ft. Let the side so touched by ftft^ 
be ? K r .n, where * + 1 is necessarily less than X, and let the first 
point of'ftft+i which lies on ftft+i be ft If the portion of the 
curve C X y which corresponds to the polygon 

(17) , fc+i, *+2> , fti I 

is not closed, then the polygon (17) itself is a simply closed curve 
in X of the kind desired above, that is, one along which there 
exists a continuation curve in the ay-space whose end points 
are different. 

If the portion of C xy which corresponds to (17) is closed, then 
that part of C xy which belongs to the polygon 

(18) ft, fe, , ft, & ft+i> "> %> & 

is also continuous and leads from p ; to p". Since K + 1 < X 
the side ft+iln-a at least is missing in (IS), and the number of 
sides is at least one less than that of the original polygon. By 
an alteration of the kind suggested in the proof of the last theorem 
of 5, which also reduces the number of sides, it can be brought 
about, if not already true, that the polygon (18) still has no 
two adjacent sides with more than an end point in common. 

By continuing this process one must come at some stage to a 
simply closed regular curve in the ar-plane with a corresponding 
continuation curve in the cc^-space which is not closed. In order 
not to complicate the notation too much it may be supposed 
that the curve C* itself is such a curve. Every point of C x is 
an interior point of the region X since the corresponding point 
of C x is an interior point of the sheet 8. The interior of C x 
is therefore also composed entirely of interior points of X, since 
X is simply connected. If the interior of C x is subdivided into 
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two parts by a segment of a straight line, as described in the pre- 
ceding section, the dividing segment will also have a continu- 
ation curve on the sheet 8 throughout its entire length, by the 
second theorem of 5. For its initial point on the curve C x 
corresponds to an interior point of the sheet S and, by the hy- 
pothesis of the theorem which is to be proved, none of its points 
can be a point where S becomes infinite or can correspond to a 
boundary point of S. Hence one of the simply closed curves 
formed by the curve C x and the dividing segment is a curve 
retaining the property that it has a continuation curve on 
the sheet 8 which is not closed. Suppose that C x / is this curve. 
By continuing the process a sequence of curves { C X (K) } , with 
diameters approaching zero, can be found, each lying in the 
interior of C and having an unclosed continuation curve 0$^ 
onS. 

If a point p ( is selected arbitrarily on the curve C xy ^ k \ the 
sequence { p( } (k = 1 , 2, , co ) will have a finite point of conden- 
sation TT(QJ; j8) in the x^-space which is an interior point of the 
sheet S. For the projections # w of the points p w all lie in the in- 
terior of C x and hence must have a point of condensation a. Fur- 
thermore the points of the sequence p (k) whose projections are in the 
neighborhood of a can not become infinite or approach a boundary 
point of the sheet, since a is interior to X. They must therefore 
have at least one limit point TT which is an interior point of the 
sheet, and with which there are associated two neighborhoods 
7r e and as by the principal theorem of 1. Some of the points 
<jfe) lie in ?r e , and have corresponding curves C^ in a 5 . For 
such points the continuation curves C xy (k \ also lie in 7r e and can 
not be unclosed, since to any point x in a$ there corresponds in 
TT at most one solution of the equations / = 0. The original 
assumption that S is multiple-valued in the interior of X is 
therefore contradicted. 

The theorem remain-s true for any system of equatwjis of the form 

(19) / a (asi, a!2, , aw; 0i, 2/2, , 0n) = (a 1, 2, * - % n). 
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In this case the curves C sy and C x have equations 

(C,,) Xi = s,(0, y+ = y(t) 

(i 1,2, .-.,m;a 1,2, ,?&;<' ^* f"), 

(Cy a* = .<<), 

and the question asked in the proof of the theorem just stated 
is whether or not the latter curve may be closed while the former 
has distinct end points. 

It is a part of the hypothesis of the theorem that the region 
X is simply connected according to the definition of the preceding 
section; and, according to the arguments made In the paragraphs 
above, the curve C s may be supposed a simply closed polygon. 
In any neighborhood of C x there will be, according to f 8, on 
account of the simple connectivity, an elementary curve C x 
lying in a normal subspace of two dimensions 

(20) Xi = gfai, w 2 ) (i = 1, 2, -, m) 

entirely interior to X. If the continuation curve C zy is not closed, 
and if Cx is taken sufficiently near to C 9 , then the corresponding 
continuation curve C xy will also not be closed. 

The normal subspace (20) is defined over a simply connected 
domain U of points (u it u$) , and has no multiple points. To every 
point of C x there corresponds therefore a single pair of values 



and the functions so defined are continuous, by the principal 
theorem of 1, since at every point some pair of the equations (20) 
has a functional determinant for ui r 14% which js different from 
zero. The curve corresponding to the curve ~C xy in the space 
(u] y) may be denoted by 

(C UV ) ^1 = ^l(0, % = U*(t), Va. = 2/a(0> ( = 1, 2, -, ri), 

and its initial point, corresponding to p r , by p u f {u'\ y'}. Every 
point of C U y is an ordinary solution of the equations 



(21) <p a (Ui,Ut\ 2/l,t/2 ? ' ^yn)*/*^!,^, '",9ml ^1,^2,-' ' ^n) II 

(a= 1,2, ...,n). 



FUNDAMENTAL EXISTENCE THEOSEMS. 37 

With a continuous curve C joining (u\> w 2 ') to an arbitrarily 
chosen point (ui y %) of U there is always associated a continu- 

ation curve of solutions of the equations (21), having the initial 
point PU &nd defined throughout the whole of C, since any such 
curve defines a curve in the 2-space interior to X along the whole 
of which there is a corresponding continuation curve for~the 
equations (19) ID the sheet S. Hence there is a unique sheet S u 
of solutions of the equations (21) whose projection in the uiUy 
space is U; and BO interior point of U is a point where the sheet 
becomes infinite or corresponds to a boundary point of the sheet, 
since the same is true of S with respect to X, The preceding 
argument can therefore be applied to show that the sheet S u 
is single-valued ovefr the region U and the existence of the curve 
C U y with the distinct end points p u ' and p u " is contradicted. 
Hence C xv can not have distinct end points p f and p", and the 
theorem last stated is proved 

8. TRANSFOBMATIONS OF n VARIABLES AND A MODIFICATION 
OF A THEOBEM OF SCHOSNFLIES 

It is interesting to deduce by means of the preceding theorems 
some conclusions concerning a system of equations of the form 

(22) / ft (; y) = x & - $ a (yi, yi, - ,y n } = (or * 1, 2, ,*). 

The functions ^ are once for all assumed to be single-valued. 
continuous, and to have continuous first derivatives in a con* 
tinuum Y in which the functional determinant 

D = 3(^1, &,, ^n)/3(yi, 2/2, * , y n ) 



is different from zero. By a continuum is meant a set of points 
consisting only of interior points any two of which can be conr 
nected by a continuous curve lying entirely .within the set. 
The boundary points of 7 will be denoted by JS, and X will 
represent "the set of points in the x-space which corresponds to Y 
by means of the equations (22). 
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Any sequence {y (k} } of points (yi (fc) , y^ k \ --, y ( *>) 
(fe = 1, 2, ) in F, which approaches infinity or has a point of 
5 as limit point, defines a corresponding sequence of points 
{ # (fe) } in X. The set of points of condensation for such sequences 
{# w } will be denoted by A. 

The totality of solutions of the equations (22) corresponding to 
points of the continuum Y form a single connected sheet S whose 
only boundary points have projections x and y in the sets A and B, 
respectively, 

For suppose that (x'\ y') is a first solution and (x"; y") any 
other. The points y f and y" can be joined by a continuous 
curve interior to F 

.&) (- 1,2, .--,n; 
and the corresponding curve 



defined by equations (22), is a curve interior to the sheet 8 and 
Joining (x'\ y f ) to (x f/ ; y"), so that S is evidently connected. Any 
boundary point (a; /?) of $ must be the limit of a sequence of 
points p (fc) for which the projections y are in F. The limit /S 
of the sequence # (fc) can not be in F ' } since then (a; ff), by the 
theorem of 1, would be an interior point of S. Hence ft must 
be in B and a in A. 

One may say further that if p (A) is a sequence of points (# (fc) ; y w ) 
in S for which the sequence x ( approaches infinity, then the 
only finite points of condensation possible for the sequence 
y(k) are i n j^ Yj le statement is true when a: and 2/ are inter- 
changed, on account of the definition above* of the set A. 

If the points of the set A are distinct from those of the image X 
of F, then X is a single continuum whose only boundary points 
are points of A. 

To prove this, consider an arbitrarily chosen point if of F. 
None of the points in a suitably chosen neighborhood of the 
corresponding values x' are points of A, since by the fundamental 
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theorem of 1 all such points correspond by means of equations 

(22) to points of Y, and are therefore points of X. Consider 
now the continuum X consisting of all points x which can be 
joined to x f by continuous curves containing no points of A> 
a continuum to which the neighborhood of x f certainly belongs, 
as has just been shown. __ 

All the points of X are in the continuum X, since the solutions 
of equations (22) corresponding to points of 7 form a single 
connected sheet -8. The curve in S joining (#'; y') with any 
other point (x ff , y") of the sheet has therefore a projection in 
the #-spaoe joining x' with x (f and containing no points of the 
set A. 

AUof the points of X are points of X. For any set of values 
x in X can be joined to a/ by a continuous curve C x lying entirely 
in X and containing therefore no points of A. . By the second 
theorem of 5 the corresponding continuation curve 3 XV must 
extend along the entire arc C*, since otherwise the value of y 
for points on C 9V would approach infinity or else have a limit 
point on the boundary B of F, and some point of C 9 would in 
that case necessarily be a point of A. It follows that x, like x f , is 
the image of some point y in 7. 

From the initial theorem of the last section, for the case when 
there are more than two variables, it follows that 

If A is distinct from X, and X is simply connected in the sense of 
6, then the sheet 8 is single-mined. In other words the continuum Y 
is tranformed in a one-to-one way into a continuum X by means of 
the equations (22), and the functions 

(23) ya= ittfax*, --,as) (== .1,2, -.-,n) 

so defined over X are single-valued, continuous, and haw continuous 
fir st derivatives. 

The character of the functions (23) near any point of X follows 
at once from the theorem of 1. 

Let it be supposed that the set of points A divides the x-space 
into exactly two continua X, E such thai every point of A is a bound- 
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ary point for each of them, and suppose furthermore that there is a 
particular point t> in 2 which does not correspond by means of the 
equations (22) to any point of F. Then the image X of Y is 
distinct from A and coincides with X. If X is simply connected 
the other conclusions of the last theorem follow at once. 

In the first place it can be shown that if any point ' of H 
corresponds to a point of Y then every other point " of 2 
would also have this property. For % and |" can be joined by 
a continuous curve 

x a x a (t) (a= 1, 2, -, n\ t' t <<") 

entirely interior to S. The corresponding continuation curve 



of solutions of equations (22) must be defined along the whole of 
the interval t f ^ t ^ t n } since otherwise as t approached any 
upper bound r of the values t which could be reached by con- 
tinuation, the corresponding points y of the curve would have 
to approach infinity or else have a point of condensation on the 
boundary of Y. But this is impossible, since for a sequence of 
points x corresponding to a sequence of points in 7 approaching' 
infinity or a boundary point of F, the only limiting points possible 
are at infinity or else in the set A. It follows at once, on account 
of the hypothesis of the theorem, that no point of S, can correspond 
to a point of F, and neither can any point of A, since in any 
neighborhood of such a point of A there are points of S which 
in that case would also correspond to values y in F. The image 
of the region F in the #-space is a single continuum whose only 
boundary points are points of A. According to the preceding 
argument it cannot be S and it must therefore be X. 

A modification of a theorem of Schoenflies can be deduced 
readily from the results which precede. The theorem has to do 
with a pair of equations of the form 

(24) xi = fatei, jr 2 ) a* = 
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in which the functions \f/ are single-valued, continuous, and have 
continuous derivatives on a simply closed regular curve B of the 
?/-plane and in the interior Y of 5, The functional determinant 
D = d(fa t fa)ld(yi, 2/2) is supposed to be different from zero in 7. 
// the curve A in the x-plane formed by transforming the simply 
closed regular curve B in the y-plane, by means of the equations (24), 
is distinct from the image X of the interior Y of B, then X is a 
simply connected continuum whose only boundary points are 
points of A, and the correspondence defined between X and Y is 
one-to-one. The single valued functions 

(25) yi = yi(xi, 2 ) s y 2 = yi(x\, 3 2 ), 

so determined in the region X, are continuous and have continuous 
fiy$t derivatives.* 

From the preceding theorems of this section it follows that 
the complete image X of Y is a single finite continuum whose 
only boundary points are points of A. It remains to show that 
X is simply connected and that the correspondence between X 
and Y is one-to-one. 

If any simply closed regular curve C x is drawn in X } its Interior 
must consist entirely of points of X. Otherwise there would 
necessarily be a boundary point of X 9 a point of the curve A 9 
interior to C 9 , and there would also be points of A exterior to C x 
since X is finite. Hence there would necessarily be a point of 
the continuous curve A on C x itself, which contradicts the as- 
sumption that A and X are distinct. It follows at once from 
the first paragraphs of 7 and the simple connectivity of X just 
proved, that only one point y in 7 corresponds to a given x in 
X, and by the theorem of 1 it may be seen that the functions 

* Schoenflies assumed only the continuity of the functions ^i, fo y adding^ 
.however, that the correspondence defined between the regions X and 7 of the 
two planes is to be one-to-one. In the theorem here proved ^i and ^2 are 
subjected to further continuity restrictions, but the correspondence is proved 
to be unique. See Schoenflies, "Ueber einen Satz der Analysis Situs/ 1 
G&tinger Nackrichten (1899), page 282. The theorem was later proved by 
Osgood and Bernstein in the same journal (1900), pages 94 and 98, respectively. 
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(25) have the continuity properties described In the theorem in 
the neighborhood of any particular point x. 

Another theorem, slightly different in form, may be stated as 
follows: 

If the images of the points of the simply doped regular curve B 
in the y~plane all lie on a simply dosed regular curve A in the x-plane, 
then the equations (24) define a one-to-one correspondence between 
the interior X of A and the interior Y of B, and the functions (25) 
so defined have the same continuity properties as before. 

In this case it can first be shown that the image x f of any point 
y r in Y must be distinct from A, and the rest of the proof is the 
same as before. For, if x f were a point of A, every point of 
a properly chosen neighborhood of x f would also be the image of 
a point of Y, since at (x'; y f ) the functional determinant of 
equations (24) does not vanish. It would follow then, by cop 
tinuation, that every point exterior to the curve A would also 
be the image of a point of F, which is impossible since thef uncti&ift 
$ are finite. The continuum X is therefore identical with the 
interior of A, by the preceding theorems, and the correspondence 
between X and F is one-to-one. 

An example applying some of the theorems of 5, 8 is given 
at the end of 14. 



CHAPTER II 

SINGULAR POINTS OF IMPLICIT FUNCTIONS 

The theorems which have been developed In the preceding 
pages of these lectures have to do with the behavior of implicit 
functions at ordinary points, or in regions which have no singular 
points in their interiors. For singular points where the functional 
-determinant vanishes the theory is much more complicated, and 
no methods which can be comprehensively applied have so far 
been developed. Th,ere are, however, many special cases in 
widely different fields which have been studied with success, 
and it may not be out of place to glance at a few of them before 
proceeding to the further theorems^ with which these pages are 
primarily concerned. 

Perhaps the most complete single theory which has been 
developed is that which has to do with the singularities of an 
algebraic function y of x determined by an equation of the form 



where P is an irreducible polynomial in the two variables and t/. 
Suppose for convenience that the singular point to be considered 
is at the origin, and that the polynomial P(0, y) has a lowest 
term of degree n in y. Then it is known that for each value of 
re in a sufficiently small neighborhood of x = 0, there exist exactly 
n solutions y of equation (1) in the neighborhood of y = 0^ and 
the values of these solutions are given by k- cycles of the form 



(2) y*=ajX^ + a/x^+<* 0*= 1,2, -,i), 

where the numbers #, p are positive integers satisfying the 
relations 

W < M/ < M/' < * * Pi + Pa + ---- h Pk n. 
43 
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The series is one member of the cycle; the others are found by 
replacing x llp * by a) v x ljpj (? 1, 2, -, PJ 1), where w is a 
primitive pfth root of unity. The number p y - has no factor in 
common with the exponents juy, /*/, . Otherwise the expansion 
would be in terms of a root of x of lower order than p } -. Thus 
there are in all n series in fractional powers of x which define the 
roots of the algebraic equation in the neighborhood of the origin. 
The coefficients of the series may be computed by means of the 
well-known Newton polygon,* or by methods due to Ham- 
burgerf and Brill.J If the substitution x = t is made in the 
series (2), the points (x, y) which it defines may be expressed 
in the parametric representation 

x = f- } y^t>{a j + a/t^*+ } ( j 1,2, -,*). 

All the solutions of the equation (1) in the neighborhood of the 
origin evidently belong to a finite number of such branches. 

With the help of the preparation theorem of Weierstrass, 
which is to be studied in the following pages, results similar to 
those just given may be proved for the solutions of an equation 
F(x 9 y) = in the vicinity of any point where F is analytic. 

The singularities of a surface 

F(x, y, *) 

at a point where the function F is analytic have also been ex- 
tensively studied. The points of the surface in the neighbor- 
hood of a singular point are determined by means of a finite 
number of expansions of the form 

x = P(u, 0), y = Q(n, t>), 

where P and Q are analytic in the parameters u and t>. 

* See Appell and Goursat, Tliorie des Fonctions alg6briques, pp. 184 ff. 

t Weierstrass, Werke, vol. 4, Kapitel 1. 

t Munchmer Berichte, vol. 21 (1891), p. 207. 

See Black, " The parametric representation of the neighborhood of a 
singular point of an analytic surface," Proceedings of the American Academy 
of Arts and Sciences, vol. 37 (1902), p. 281. 
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In the calculus of variations the construction of " fields of 
extremals " in the plane requires the study of the real solutions 
of a system of equations of the form 

(3) x = ?& a), y = W, a). 

The extremals are the curves in the ar^-plane defined by these 
equations for-different values of a. Suppose that the parametric 
values 

(4) to^t^ti, a = a 

define an arc E which does not intersect itself and which consists 
entirely of points where the functional determinant 



is 'different from zero. Then to any point (a:, y) in a properly 
chosen neighborhood of E there corresponds but one solution 
(t f a) of equations (3), in the neighborhood of the values (4); and 
the functions 

t t(x, y), a = a(x, y) 

so ctefined have continuity properties similar to those of <p and 
$ themselves.* The neighborhood thus simply covered by the 
extremals (3) is the "field/* and is perhaps the simplest example 
of the notion since it consists only of non-singular solutions of the 
equations (3). 

When it is desired to find an arc C which minimizes an integral 
with respect to variations lying entirely on one side of C 3 a field of 
a different sort can be constructed.! The equations of the 

The mathematical literature concerned with the singularities of a curve 
or surface, particularly their transformation into simpler types, is very large. 
The reader is referred to Pascal, Repertorium der hoheren Mathematik, 2d 
edition, vol. 2, erste Halfte, pp. 291 ff ; and EncyelopMie der Mathematischen 
Wissenschaften, II B 2, p. Ii9, and III C 4, pp. 365 ff. 

* Bolza, Vorlesungen fiber Variationsrechnung, pp. 249 ff. 

t Bliss, " Sufficient conditions for a minimum with respect to one-sided 
variations," Transactions of the American Mathematical Society , vol. 5 (1904), 
p. 477; Bolza, "Existence proof for a field of extremals tangent to a given 
curve," ibid., vol. 8 (1907), p. 399. 
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extremals (3) can be taken so that f or t = they all intersect C 
and are tangent to it, and the equations 



x = <f>(0, a), y 



a) 



will then be the equations of C. If the curvatures of the two arcs 
at their point of contact are always different, then the extremal 
arcs E simply cover a portion of the plane N on one side of C 
and adjacent to it. In other words, the equations (3) define a 
one-to-one correspondence between the points of a region ad- 
joining the axis i in the to-plane, shown in the accompanying 
figure, and a certain neighborhood N on one side of the arc C. 




FIG. 2. 

In the interior of the region N the functions t(x, y), a(x, y) have 
continuity properties similar to those of <p and ^ themselves. 
It is easy to see that this is a case in which the functional de- 
terminant (5) vanishes along the boundary t = of the region to 
be transformed, since the curves C and E are always tangent. 

In a paper published since these lectures were given, Dr. E. J. 
Miles? has considered the transformation defined by the equations 

* " The absolute minimum of a definite integral in a special field," Trans- 
actions of the American Mathematical Society, vol. 13 (1912), pp. 37 S. 
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(3) when the curve C to which the extremals E are tangent has 
a cusp, a situation corresponding to still another problem in the 




FIG. 3. 

calculus of variations. In that case a point (h, a{) and a curve 
F through it are transformed into a point (a?i, y\) and a curve C 
as shown in the figure. One portion S of a neighborhood of 
(<i, GI) is then transformed in a one-to-one way into the leaf S, 
and the other portion S' into the leaf S'. At any point in the 
interior of one of the leaves, the variables t and a are single- 
valued functions of x, y having continuity properties similar to 
those of <p and \ft. The transformation is singular along the 
curve F. 

The three examples which have been just described are only a 
few of the many proofs for the existence of fields involving trans- 
formations with singular points which might be cited.* Nearly 
all of these have to do with singularities of transformations of 
the form 
(6) x = <p(u, v), y = $(u, v), 

* Bliss, " The construction of a field of extremals about a given point," 
Bulletin of the American Mathematical Society, vol. 13 (1906), p. 47; Mason 
and Bliss, " Fields of extremals in space/ 1 Transactions of the American Mathe- 
matical Society, vol. 11 (1910), p. 325; Bill, "The construction of a space 
field of extremals," Bulletin of the American Mathematical Society, vol. 15 
(1908), p. 374; Sziics, "Sur 1'extremale, qui joint deux points donne"s," Mathe- 
matische Annakn t vol. 71 (1912), p. 380. The method used by Szucs is quite 
closely that of Mason and Bliss in the paper mentioned above. 
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or 

x =* <p(u, v, w)> y = $(u, v, w), z = x(X ^ 0, 

which have been studied also in a series of papers of more recent 
date presented as dissertations for the degree of doctor of 
philosopny at Harvard University.* The methods which have 
been used in the different cases have differed widely, and it does 
not seem possible at present to formulate a theory which includes 
them all It is the intention of the writer, however, to show in 
the following pages how the transformation theorems proved 
above in . 7 may be applied to throw much light on the nature 
of real transformations of the form (6) in the neighborhoods of 
singular points. In the section of the lectures immediately 
following this introduction a simple algebraic proof of the 
preparation theorem of Weierstrass is given, not depending 
upon the theory of functions of a complex variable. A general- 
ization of it is given in a later section which, in what might be 
called the general case, enables one to describe the behavior of 
the solutions of a system of equations of the form 

/(i, z*, - > %m\ yi, 2/2, , y n ) = (i = 1, 2, - , ri) 
in the neighborhood of a point where the functional determinant 



vanishes. For these equations the variables a; and y are per- 
mitted to have complex values.f 

* Urner, " Certain singularities of point transformations in space of three 
dimensions," Transactions of the American Mathematical Society, vol. 13 (1912), 
p. 233; Clements, " Implicit functions defined by equations with vanishing 
jacobian," to appear in the same journal. Dederick, in a paper entitled " The 
solutions of an equation in two real variables at a point where both the partial 
derivatives vanish," Bulletin of the American Mathematical Society, vol. 16 
(1909), p. 174, has discussed the singularities of a curve of the form F(x, y) = 
with the help of a sort of generalization of the Weierstrass preparation theorem 
for a function which is not necessarily analytic. 

t The proof given in these pages for the last-mentioned theorem is for the 
case of two variables y. For n variables see the reference in the last footnote 
to 13. 
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9. THE PREPARATION THEOREM OF WEIERSTRASS 

The theorem which is to be proved may be stated in the 
following form: 

Letf(xi, Xz) *, x m , y} be a convergent series in the variables x, y, 
and such that the series /(O, 0, , 0, y) begins with a term of degree 
n. Then f is factorable in the form 

f(xi, o? 2 , x m , y} = (y n +aijH ----- MnVtei, x 2) -, x m , y}, 



where foi, a^ , a n are convergent power series in x\, x, , x m 
which vanish for Xi = x% = = x m = 0, and <p is a power series 
in Xi, X2, , Xm, y which has a constant term different from zero. 

In the Bulletin de la Societe Mathematique de France* Goursat 
has called attention to the fact that the proof which Weierstrass 
gave of this important theorem, as well as the later proofs 
which occur in the literaturef, make use of the notions of the 
function theory, while the theorem itself is essentially of an 
algebraic character. In the paper referred to he has given an 
elegant and elementary proof of the theorem which is in outline 
as follows: 

By means of the substitution 

y = - aiy n ~ l - a^y n ^ - a 

the series / can be reduced to a polynomial P of degree n 1 
in y, whose n coefficients are convergent series in a\, a%, , 
&n, Xi, x%, , Xm. By the usual theorems of implicit function 
theory it is shown that the n equations found by putting these 
coefficients equal to zero have unique solutions for a\, a%, **,& 
as power series in #1, x%, * , x m , which vanish with ori, x* 9 , x m . 
If the values so found are substituted in the formula 



* " D4monstratioa ^iementaire d'un th^oreme de Weierstrass," vol. 36 
(1908), p. 209. 

fSec, for example, Picard, Trait^ d' Analyse, vol. 2, p. 243; Goursat, 
Cours d y Analyse, vol. 2, p. 284. 

5 
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and the series / again reduced, a polynomial PI of degree n I 
in y will be found whose coefficients are series in zi, x^ -, x m , M* 
On account of the way in which the functions ai, a%, - , a n 
were determined, this polynomial PI has a factor ju, and hence 
/ has a factor (y n + aiy n ~~ l + + ) 

Since the paper of Goursat appeared two further proofs of the 
theorem have been published, one by the writer* and the other 
by MacMillan,f each of which seems even more direct than that 
of Goursat. In the proof which follows use is made of the very 
concise and elegant method of MacMillan for determining the 
coefficients, while the rest of the proof is similar to that of the 
earlier paper of the writer cited above. 
The theorem may be stated in a different form as follows: 
Suppose thatf(xi, Xz, -, x m , y) is <*> series with literal coefficients 
such that /(O, 0, , 0, y) begins with the term. a Q y n . Then there 
u one and but one series b(xi, x%, , x m , y) which satisfies formally 
the relation 

(7) ^ ^ Vp, 

where p is a polynomial 

p = a Q y n + aiy n ~ l + + a n 



whose coefficients a&(#i> x%, * , Xm)(k = 1, 2, , n) are series 
vanishing with the x's. 

Each of the coefficients in b and the a's is a rational function of a 
finite number of the coefficients of f with denominator a power of 
%, and the constant term in b is unity. 

If the coefficients in f are chosen numerically so that f converges 
and a =f= 0, then the series b and a& (k = 1, 2, , n) also converge. 

The functions/, b, p may be written in the forms 



(8) 



* Bulletin of the American Mathematical Society, vol. 16 (1910), p. 356. 
t Ibid., vol. 17 (1910), p. 116. 
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where /&, fc&, p& are homogeneous expressions of degree k In 
%i, #2* 9 x m with coefficients which are series in y. It is desired 
to determine 6 so that the identity (7) holds, and so that the 
expressions pk have coefficients which contain y only to the degree 
n- 1. 

By substituting the expressions (8) in the identity (7) and 
equating terms of the same degree in the re's, it follows that 



yfo)y n = & /i pi, 

yfo)y n = 60/2 + 61/1 



These equations are to be identities in x and y. The first one 
determines Jo uniquely with constant term unity, and further- 
more so that each coefficient is a quotient, in fact a polynomial 
with positive integral coefficients in a finite number of the coef- 
ficients of /, divided by a power of do. In the second equation 
Pi must be chosen equal to the terms of 60/1 which contain y 
to the degree n 1 or less-, after which 61 is uniquely determined. 
Similarly in the feth equation pk must first be chosen to cancel 
the terms on the right of degree n - 1 or less in y, and then && 
is unique. 

It only remains to show that the series 6 and a& are convergent 
in any numerical case for which / converges. There is no loss 
of generality in assuming that the series / converges in the domain 



since this can always be effected by a substitution of the form 
%i = Pto:/, y = cry* (i= 1, 2, -, m). 

Suppose then that K is a number greater than the absolute 
value of any term in the series /(I, 1, *,!, 1), that is, greater 
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than the absolute value of any coefficient In /. If AQ Is the 

absolute value of a^ the series 



where 



dominates / in the sense that every coefficient except the first 
has a numerical value equal to or greater than K\ and the series 

B satisfying the relation 

BF= Aty n + Aiy*~ l + - + A* 

analogous to (7) has coefficients numerically greater than the 
absolute values of those of b. Hence if 5 converges the same 
will be true of 6. 

But it is easy to show that the series 5 converges. It will 
certainly do so if convergent series Ak, C, D can be found satisfy- 
ing the relation 



because then B would have the value 

D i-y 



"~Cy + Z>" 

On comparing the coefficients of the two highest terms in y 
in the next to last equation, and for convenience denoting by a 
the constant value 



it is found that 

C = aA Q , D = 1 - aAi. 

By comparing the other powers of y and substituting these values, 
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we have 

AI + ctAoAz = a A i*, 



A n ~i + a 

A n = 

But these equations ha%^e linear terms in A\, A* 9 , A n with 
functional determinant different from zero, and hence have 
solutions, by the theorems of 2, which are convergent series in 
#1, %2, * * , XM and have no constant terms. 

It is evident,, in any numerical case for which / is convergent, 
that a neighborhood of the origin may be chosen in which the 
series 6 is everywhere different from zero. In such a neighbor- 
hood all of the values (#1, #3, , x ms y) which make/ vanish are 
roots of the equation p = 0, and vice versa. 

If f(xi, 0, * *, 0, y) has its terms of lowest degree homogeneous 
and of degree n, then the polynomial p(xi t 0, * *, 0, y) has the 
same initial terms, since the first coefficient of the factor series 
b is unity* 

10. THE ZEROS OF <p(u, ), $(u 9 1>), OB THEIB FUNCTIONAL 
DETERMINANT 

Consider a function <p(u, t?) whose values in the neighborhood 
of the origin in the m'-plane are given by a convergent series in 
u and t? which vanishes for u = v = 0. If the series contains a 
factor u in every term it may be written in the form 

(9) <p(u, v) = au^(u s D), 

,where a is a constant different from zero and 3>(u, v) is a con- 
vergent series for which <t(0, v). has a first term of the form i m 
with coefficient unity. According to the results of the preceding 
section, all of the roots of $(w, t?) in a neighborhood of the origin 
will be roots of a certain polynomial 

(10) P = tP 
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where the coefficients a/, are series in u having no constant terms. 
The polynomial P may be equal to the product of two poly- 
nomials of similar form, 



where the coefficients 5 and c are convergent series in u. In 
that case the product bgCo must be identically unity, and by 
dividing the first polynomial by b$ and multiplying the second 

by the same series, the two factors will have the form 

t* + biv^ 1 + + bk. 



The coefficients 6' and c' are now series in u without constant 
terms. Otherwise the product P would have a term of lower 
degree than v m j with a coefficient series whose constant term 
would be different from zero. 

It is readily seen from this that the polynomial P is either 
irreducible in the sense that it can not be decomposed into a 
product of polynomials of the same sort, or else it is the product 
of a number of irreducible polynomials of lower degree. 

Suppose that Q(u, v) is a polynomial of -the form (10) which is 
irreducible in the sense just described. Then its discriminant 
with respect to c is a series in u which does not vanish identically, 
since otherwise Q and Q v would necessarily have a common factor 
of the form (10), and Q would not be irreducible. There is a 
neighborhood < u ^ u\ in which the discriminant is every- 
where different from zero, and for any value u satisfying these 
inequalities the values of making Q = are all distinct. 
According to the results which have been stated above in the 
introduction to this chapter of the lectures, the values of v which 
make Q vanish for different values of u will be defined by m 
series of the form 

(11) c = cm* /3> 
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and these series must all be distinct, since for sufficiently small 

values u 4= 0, as has been seen, the roots of Q are al! distinct.* 

It is evident then that all the roots of <p(u, v) in the neighbor- 

hood of the origin, including those which correspond to the fac- 
tor u k in equation (9), are given by a finite number of elements 
of the form 



where a and 6 do not vanish simultaneously, and p, ji, //, 
are positive integers having no common factor. 

The product of factors of the form 

(12) {v - ctu* lp - du*' 1 * -}, 

corresponding to the elements of a cycle, is a polynomial Qi(u, v) 
of the form (10). For the product Qi is a series in u llp and v 
which is unchanged when u l!p is replaced by & v u l}p , and Qi must 
"therefore contain only powers of u llp whose exponents are multi* 
pies of p, that is, positive integral powers of u. 

On the other hand an irreducible polynomial Q possesses only 
a single cycle of elements of the form (12). Each element of a 
cycle belonging to Q gives rise, in fact, to a factor Qi of Q of 
the* form (10). The number of elements in the cycle could not 
be greater than the degree of Q, and neither could it be less, 
since according to the argument of the paragraph just preceding, 
Q would then be divisible by a factor of the same form corre- 
sponding to the product of the factors (12) belonging to the cycle. 

By combining these two results, it follows that the product of 
the factors of the form (12) corresponding to the elements of a single 
cycle is an irreducible polynomial of the form (10), and conversely 
the elements of an irreducible polynomial of the form (10) form a 
single cycle. 

The Weierstrassian polynomial P of any function p is a product 
of irreducible factors of the same form, some perhaps repeated, 

* The method of proof for this statement in the case of a polynomial P 
is precisely that of the theory of algebraic functions. See the reference above 
(page 44) to Appell and Goursat. 
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to each of which there corresponds a cycle of elements. By the 
order of an element of <p is meant the number of times its factor 
(12) is repeated in the product u k P. The order is evidently 
equal to the multiplicity in u k P of the irreducible factor to which 
the element belongs. If <p possesses one element of a cycle it 
must possess the whole cycle. For the polynomial P belonging 
to <p has then a common factor with the irreducible polynomial 
Q of the cycle, and so must be divisible by Q. 

Suppose now that <p(u, v) and $(u, v) are two functions of the 
form described above, and that the functional determinant 



as, 



does not vanish identically. 

If <p and $ hate an element in common, then they have in common 
the irreducible polynomial Q of the form (10) to which the element 
belongs, and Q is also factor of D. 

The first part of this statement follows from the preceding 
paragraphs, so that <p and ^ may be supposed to have the forms 

V = QA, <A - QB. 

When these expressions are substituted in the functional de- 
terminant (13) the presence of the factor Q is at once evident. 

A similar argument shows that if (p has an element 'with cor- 
responding factor Q of multiplicity k, and $ has the same element 
and factor with multiplicity I, then D contains the element and its 
factor with multiplicity k + I 1 at least. 

There is a sort of converse to these statements to the effect 
that when & andD haw an element and its factor Q in common, then 
the element and Q are either multiple in <p or else are common to <p 
and $. 

To prove this let 

? - QA, D = QC, 
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and suppose Q not a multiple factor of <p. Then 



and it follows readily that the determinant 
fiA\ i M 

(14) ! * . 

v ' l^t, 

has the factor Q, since -4 can not have, any element in common 

with Q. Otherwise it would contain the .whole irreducible factor 

Q. 

Since Q is irreducible, its discriminant, a series in , can not 
vanish identically, and there is an interval < u ^ u\ in which 
it is different from zero. For any value of u satisfying these 
inequalities the polynomials Q and Qv have no common root. If 

(15) u = at*, x = at* + oft*' + 

is the parametric form of one of the elements of Q> then Q(u, t>) 
vanishes identically in t when these expressions are substituted, 
and Qv(u, 0) is not identically zero in t along the element. Hence 
there is an interval < t ^ t\ in which Q v is different from zero. 
Since the determinant (14) has the factor Q and therefore vanishes 
identically along the curve (15), it follows that 

du . , dfe\ , ( - du 



is an identity in t. Evidently $(u, v) must be constant along 
the element, and its value is everywhere zero since it. vanishes 
for t = 0, Hence ^ has the element (15) in common with Q, 
and must have Q itself as a factor since Q is irreducible. 

The real points (u, t?) where one or another of the functions 
#>, ^, D vanishes play an important r61e in the investigation 
which follows. In the discussion of them which follows it will 
always be understood that when u is real and positive the symbol 
u 1/p stands for the real and positive pth root of u. 
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If the function <p has no factor u, and if each of its elements 
when written in the form 

(16) = u^ [a + a'tt c *'-' lXp + } 

has at least one imaginary coefficient, then in a neighborhood of 
the origin no real point (u, v) with u > satisfies the equation 
<p(u, v) = 0. 

To show this, suppose for the moment that a is imaginary. 
Then for sufficiently small positive values of u the absolute value 
of a'tfi*'"^ 1 * + will be less than the absolute value of the 
imaginary part of a, and the parenthesis in the expression (16) 
will also be imaginary. A similar argument would show to be 
complex if one of the higher coefficients were the first not real. 

On the other hand, if the coefficients in the expression are all 
real, then for positive values of u the values of v are real, and the 
points (u } v) so defined lie on a real arc of the form 

u = P, v = at* + aft*' + (0 ^ * <* *i). 
If the elements of <p are written in the form 

(17) 9 = *(- uy* + aV(- u)' 19 + -, 

where is a fixed pth root of 1, then an argument similar to 
that just given shows that <p = is satisfied by no real points 
in the neighborhood of the origin with negative values of u, 
unless at least one of the expressions (17) in ( u) llp has all of 
its coefficients real. On the other hand any such element with 
real coefficients defines points (u, t?) on a real arc 



By combining these results it follows that all of the real points, in a 
neighborhood of the origin, which satisfy <p(u, if) = 0, are the 
points of a finite number of distinct elements of the form 

(18) K-oP, *>*=^ + 6'^+ ... (0^*fe) 
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whose coefficients are real and such that a and b are not both zero. 
It may be of Interest to note in passing that If an element of ^ 
of the form (16) has real coefficients, then the irreducible poly- 
nomial Q which belongs to that element is real. For Q is the 
product of 

{v - ecu* 1 * -a'u flp - - } 

and the other factors which arise from it by replacing u llp by 
<ju llp (v = 0, 1, 2, - -, p 1). The coefficients of the product 
are therefore rational integral functions with real coefficients 
in the a j s and the pih roots of unity, and symmetric in the latter. 
But symmetric functions of the pih roots of unity are real. A 
similar remark holds true for the real elements of the form (17). 

Two real elements of the form (18) are said to be distinct if there 
is an interval < t f ti on which the points (u 3 x) which they define 
are all distinct. Any two elements are either distinct or else coin- 
cident throughout. 

Let the two elements have the equations 

u = a tp, v = W + Vt*' + (0 t ti), 

u = ct* 9 v = dt v + dr f + - - (o <; t * 2 ). 

If a = c = then the elements are distinct unless 6 and d have 
the same sign, in which* case each defines the same half ray from 
the origin along the t>-axis. If a = 0, c 4 s the elements are 
distinct. If a and c are both different from zero then the elements 
are distinct unless the expressions 



are identical in fractional powers of u } in which case the two 
elements coincide. 

It can readily be seen that if two functions <p and ^ have a 
real element in common then they must each contain the irreduci- 
ble real factor which belongs to the element. 
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11. SINGULAB POINTS OF A REAL TKANSFOKMATION OF Two 

VARIABLES 

In this section it is proposed to study the singular points of a 
transformation 
(19) x = <p(u, t>), y = $(u, i) 

for which <p and ^ are convergent series in u 9 v with real coef- 
ficients. It is presupposed that the functional determinant D 
of <p and ^ does not vanish Identically, and that the real elements 
of <p and $ described in 10 are all distinct. There is an interval 
Q ^ t ^ ti for which the elements of <p y ifr, and D which are 
distinct have only the point (, 0) = (0, 0) in common. Some 
of these elements may belong to both tp and D, or to ^ and D, 
but none are common to ^ and $. By further restricting the 
interval if necessary, it can be effected that the radius 



p = Via 2 + t) 2 

constantly increases on each element as t increases from to ti. 
For p is a series in t which does not vanish identically, and its 
derivative has the same character. An interval < t ^ t\ can 
therefore always be selected on which both p and dp/dt remain 
greater than zero. 

It follows immediately that a constant pi can be selected so 
that any circle about the origin of radius pi or less is intersected 
once and but once by each of the elements in question. The 
real elements of <p, \f/, and D may therefore be represented as 
shown in Fig. 4. 

// the mine of pi is properly restricted then any one of the regions 
S shown in the figure is transformed in a one-to-one way by the 
equations (19) into a region S adjoining the origin and lying 
entirely in one quadrant of the xy~plane. The single-mined inverse 
functions 
(20) u * /(a?, p), v = g(x, y) 

so defined are continuous over all of S and analytic in its interior. 
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To prove this consider the functions r(u, v) and (w, 2) defined 
by the equations 



r = 



cos a? = 



^ 
sin = 



I! the radius pi is properly restricted, then r and co (modulus 2ir) 
are well defined at every point of the circle with the exception 
of the origin, since <p and ^ have no real roots in common aside 
from (u, t v) = (0, 0). 
The value of r increases monotonically along any analytic curve 



for which u and v are not identically zero, as may be seen by 
reasoning similar to that applied above for p, after noting that the 
series for <p and ^ can not vanish identically in t. In particular 





FIG. 4. 



FIG. 5. 



if pi is sufficiently small, then r has this property along the bound- 
aries OEi and OE Z of S, and along an auxiliary arc OE chosen 
arbitrarily for purposes of proof between the two elements OEi 
and 2 . 

Suppose now that Jci is the minimum of r along the arc E\Ei, 
and select arbitrarily a value Jc between and ki. The first of 
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the equations 

(21) r(u, v) = k, (w, 0) z 

is satisfied at a unique point P(u Q , ) on the arc OE, and the 
corresponding value of z may be denoted by z . The functional 

determinant of r and co has the value 

d(T, 0)) JP(tt, *) - 



and does not vanish anywhere in the interior of S. 

The domain in which the equations (21) are to be studied is 
that consisting of points (u, 0, z) for which (u, v) is in S, and z 
has any real value. According to the first theorem of 5 and 
the results of 2 the equations (21) define two analytic functions 

(22) u = u(z), D = 0(3) 

which take the initial values u$ 9 VQ when z = #0, and which may 
be continued over an interval ZQ ^ z < f ", as described in 5. 
If " is the value defining the largest such interval, the points 
(u(z), 0(2)) corresponding to interior points of the interval will 
all be interior to S, while as z approaches f" the only limit 
points of the values (u(z\ x(z)) must lie on the boundary of S. 
Otherwise the curve (22) could be continued beyond the value f ". 

The length of the interval z$ ^ z < f/ is certainly less than 
7T/2, since in the region S neither sin a? nor cosa> can vanish. 
The curve (22) can not intersect itself, since the same values of 
(u, v) must define the same z by means of the second of equations 
(21). 

As z approaches f", the point (u(z), v(z)) approaches a unique 
limiting point on OEi or OE*. This follows because at any 
limit point the value of r(u, v) would have to be k, and this can 
happen at one point PI only of PE$, and at one point Pz only 
of OEz. The curve could not have both PI and P 2 as limit 
points as z approaches f ", since then it would necessarily cross 
the arc OE at the only point P where r(u, v) = &,-and so would 
intersect itself. 
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A similar argument shows that the equations (21) define an 
arc without double point over an interval f ' < z ^ % joining 
P with that one of the points PI, P% which was not the end of 
the first arc. For convenience it may be assumed that f is 
the value belonging to PI, and f " that for Po. The preceding 
inequalities for z would only be reversed if the opposite were the 
case. 

There are no other points in the region S at which r(u 3 u) = & 
besides those of the arc PiP2 which has just been defined. If 
there were one not on PiP2, it would give rise to a second curve 
of the same sort joining PiP2. But this new curve would 
necessarily intersect the arc OE at P, and hence must coincide 
with the original arc PiPa throughout. 

For any value k f < Jc there is a curve similar to PiP% on which 
all of the points (u, a?) making r(u, v) = lie. 

By means of these results it can now be shown that any two 
distinct points of the region OPiP 2 are transformed into two 
distinct points of the airplane. For if (u f , 0') and (u" 9 
defined the same point (x f , y') they would both give r = 
the same value k f , and hence must lie on the same curve 
But in that case the values of o> corresponding to the two points 
would necessarily be different, as has been seen above, and hence 
(#', y f ) and (x n 9 y") could not be the same. 

From the final theorem of 8 it follows at once that the theorem 
last stated above is true, provided that the circle of radius pi 
is altered so that the arc of it which lies between the branches 
OEi and OE% lies also within the region OPiP 2 . The region 
into which S is transformed must lie entirely in one quadrant 
of the a:#-plane, since the values of w which correspond to points 
of S are all in one quadrant. In the interior of the image of S 
the inverse functions (20) are analytic, since at interior points of 
S the determinant D is different from zero. 

Some conclusions with regard to the distribution of the 
elements of tp, $, and D can be readily derived from the dis- 
cussion just preceding. For example, no region S can be bounded 




64 THE PBINCETON COLLOQUIUM. 

by two elements of <p. If it were not so, then in a region bounded 
by two elements of <p the value of w on the branch OEi would 
be everywhere ir/2, or else everywhere x/2, and the same is 
true for OJ3 2 . But this is impossible since along the arc PiP% 
the value of w varies monotonically through an interval less 
than T/2. A similar remark holds for the elements of ^. Hence 
it follows easily that 

Between any elements of D the elements of <p and $, if there are 
any, mmt separate each other, 

If the determinant D has opposite signs in two adjoining 
regions 8 and S ; of the circle of radius pi in the m<-plane, shown 
in Fig. 5, their transforms in the t/-plane will be folded over 
the image of the curve OE% and will overlap. In order to prove 
this, let it first be remembered that along the element OE% 



so that r u and r v can not vanish at any point P 2 different from 
the origin. Neither can they vanish at an interior point of 
one of the regions S, since at a point where 

9<Pu + foftu A <P<Pv + *WV A 

TU = - - - = u, r v = - - - = u, 

the determinant D would necessarily have the value zero, and 
this does not occur in the interior of S. The equations 

du t dv du 



are satisfied everywhere between PI and P 2 on the arc (22). 
Hence 

du ^ r dv r 

Iz~~~~D fv > 5* = ]) 7V 

As z approaches J" 7/ the direction cosines of the tangent to the 
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curve (22), for increasing 2, approach the values 



on one of the arcs PiP 2 and P^P^ on the other the limiting 
direction is exactly the opposite, since the values of D on the 
two arcs have opposite signs. Hence if w = z increases along 
the arc P\Pz it must decrease along P%P%, and vice versa. 

In the xy-pl&ne these results mean that the images of the 
arcs PiPg and P2Ps are two arcs of the circle r = k which overlap 
near the image of P 2 ; the images of S and S f must therefore 
be superposed in the vicinity of the image of OJ5J 2 . 

If the boundary OE% between S and S' is not one of the elements 
of D, the images of the two regions in the xy-pla,ne will adjoin 
each other along the image of OE 2 , and the inverse functions 
(20) will be analytic at every point of the image of OE% except 
the origin. For at such points the functional determinant D is 
different from zero. 

By combining the results which have so far been deduced, 
the truth of the following theorem is established: 

For a transformation 



(23) x <p(u, v), y = ^(w, v) 

with the characteristics described in the first paragraph of this 
section, a circle C can be selected in the uv-plane with center at the 
origin and having the following properties: The circle is inter- 
sected by each real element of the functional determinant D at some 

first point P. The arcs OP so determined on the different elements 
divide the interior of C into regions -Si, S 2 , -, S&. The points 
of each region S correspond in a one-to-one way by means of 
equations (28) with the points of a sheet Z of the xy-plane which 
winds about the origin and is bounded by the image of the bound- 
aries of S. The single-valued functions 

(24) u = f(x, y), 13 = g(x, y) 
6 



6ft 




THE PBINCET0]Sr COLLOQUIUM. 



90 determine'! re continmm at all points of tie sheet S and analytic 

in the interior of S. // in two adjoining regions, say Si and $ 2j 
the signs of D are opposite, then the images Si and S 2 overlap in 
the neighborhood of their common boundary 0^; if the signs of D 
are the same, the regions Si and 2 2 adjoin along Oxg without w>er~ 

lapping. 
The adjoining figure illustrates the ease when D has four real 

elements and the signs of D are opposite in any two adjoining 
regions S, Further illustrations of the theorem are given in 14. 




FIG. 6. 



It has not been proved above that the functions (24) are 
continuous on a boundary OTT of one of the regions S. Suppose 
that it is a point of such a boundary, and let 

/OKA tr ir JTO. 

i <wOJ 1, "22> "3t 

be any sequence of points of S with limit r. The corresponding 

points 

(26) PI> ?2> P& 

of 5 have condensation points in $, one of which may be denoted 
by p. There is then a sub-sequence 
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among the points (26) whose limit is p\ and on account of the 
continuity of the functions (23), the corresponding points 

(27) */, 7P 2 ', IT,', 

of the sequence (25) must have as limit point the image of p 
in 2. But the limit of (27) is necessarily TT, and T is therefore 
the image of p. It follows at once that the sequence (26) has 
a unique limit point p which is the image of TT, and from this 
property the continuity of the functions (24) in the ordinary 
sense can be readily deduced. 
The functions <p, fa and D can be expanded in the form 



(28) 

D = Dm+n.-s + Dw+n-1 + ' * , 

where <pk, ^% Dk are homogeneous polynomials in u y D of degree 
k, and 

d<p m 
du dv 

AS 



If the real roots of <p m) $ n , and PflH-n.2 ar^ all simple roots and 
distinct from each other, there will be an element of <p, $, or D 
in each of the corresponding directions, and a notion of the 
character of the transformation can be derived without difficulty. 
In the applications of 14 this remark is of frequent service. 

12. THE CASE WHERE THE FUNCTIONAL DETEBMINANT 
VANISHES IDENTICALLY 

It is well known that when the functional determinant of 
two analytic functions <p and $ vanishes identically, then near 
any ]5oint where not all of the derivatives <p u , <P V , $u, fa vanish 
the functions <p and # satisfy a relation of the form 
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identically in ^ and i\ It is possible to show that such a relation 
exists also near a singular point at which the four derivatives 

above al! vanish. 
If a relation can be found after a substitution of the form 

(29) u = otui + /Si'b * = yui + 501, 

for which a5 $y does not vanish, then it will surely be satisfied 

when ui and vi are replaced by the original variables u, v. 

Suppose then that the analytic functions <p and ^ have already 
been prepared by a transformation (29) in such a way that in 
the expansions (28) m and $ n both contain terms in u alone* 
By applying the preparation theorem of Weierstrass to the 
functions <p(u 9 $) x and $(u, t?) y, two polynomials 

P(u, t, ar) = ii m + ail/"- 1 + f~ a m , 

Q(u, u, y) = u* + 6 l tt n "- 1 + 1- b n 

are obtained, whose coefficients are convergent series, without 
constant terms, in v, x and 0, y, respectively. In a certain vicinity 



x\ < e, \y\< 



the only solutions of the equations 

(30) <p(u, $ - x = 0, ^(w, t?) - y = 



are values (u, a?, x, y) which make P and Q vanish also, and vice 
versa, 

The resultant of P and Q is a convergent series Rfy, x, y) 
for which R(0 9 x, y) does not vanish identically. For if all of 
the coefficients of jR(0, x, y) were zero, there would be a region 

(31) a? - 0, |a:| < 5, \y\ <& (5 ^ ) 

at any point of which the polynomials P and Q have a common 
root in absolute value less than c, and the set of values (u, 0, x, y) 
so defined satisfies also the equations (30). The existence of 
such a region is, however, impossible, since when y f is given 
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satisfying (31), a value x 1 can always be selected which is dif- 
ferent from the values of <p(u 9 0) at all of the n roots of Q(u, 0, y'). 
For such a set v = 0, x', y f in the region (31) there would be no 

corresponding value u f satisfying the equations (30). 

The resultant R(c, x y y) vanishes identically in u, v when x 
and y are replaced by <p and \p. For R is expressible in the form 

R(*, x 9 a/) = MP + NQ, 

where M and N are polynomials in u with coefficients which are 
series in 0, x, y, and P and Q vanish identically when x = ^, 
y**$. 

The series jft(0, tp y ^) vanishes identically in u, u. If not, there 
would be a straight line u = kv on which R(Q, ^, t/0 and <? u 
are different from zero except at the origin. Let (u' t v f ) be a 
point of this line near (u y ) = (0, 0), at which <p and ^ have the 
values <p f and ^', respectively. The series 



(32) B(0, ^, ^) 

vanishes identically, in particular along the curve 

(33) <p(u 3 1) = ^ 

through the point (u' 9 ^). Since *<p u does not vanish at (u f , if), 

this curve can be expressed in the form 



u = 

and along it 



o, 



since the functional determinant of <p and ^ vanishes identically. 
On the curve (33) the function $ has therefore the constant 
value ^', and the series (32) takes the form 



and vanishes identically in . Its coeiGScients must therefore 
all vanish, since a series whose zeros have a point of condensation 
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In the interior of its circle of convergence must have all of its 
coefficients equal to zero. This contradicts, however, the as- 
sumption that a point (V, v') exists at which B(0, <p, <W does not 
vanish. 

It has been shown therefore that in case the functional deter- 
minant of the two convergent series 

<P = 9m 



vanishes identically) the tivo functions <p, ty satisfy a relation of the 
form 

Ffa, M = 

identically in u, v, where F is itself a convergent series in its two 
arguments. This statement is true even when sp and $ both have 
singular points at the origin. 

It is evident that when D = the transformation 

x = <p(u, i)\ y = $(u, a) 

makes all of the points in the neighborhood of the origin in the 
w#~plane correspond to points on the various branches of the 
curve 

F(x, y} 

in the xy-pl&ne. The points (x, y) which are obtained by the 
transformation do not cover any region, 

13. A GENERALIZATION OF THE PREPARATION THEOREM OF 

WEIERSTRASS 

Consider for a moment two functions 
(34) /(, t>, xi, a: 2 , , avi), g(u, v, xi, x*> , aw) 

which are polynomials in the variables u, v and have for coefficients 
convergent series in x if a? 2 , -, x m . According to the usual 
algebraic theory of elimination, there exists a polynomial p in 
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which has convergent series in the x's as coefficients, and which 
is linearly expressible in the form 

p = ff + dg, 

where e and d are polynomials of the same character as / and g. 
If a set of variables (u : T>, x) make / and g both vanish, then v 
must be a root of the polynomial p; and conversely to any root 
of p corresponding to given values x, there exists at least one 
pair of values (u 9 v) which satisfy the two equations / = g = 0. 

There is a generalisation of the preparation theorem of Weier- 
strass from which similar results may be deduced with respect 
to two functions/ and g which are not polynomials but series in 
the variables u and , and with respect to the roots of such 
functions in a neighborhood of any set of values (UQ, V Q , #o) 
making / and g vanish. As in the proof of the theorem of 9, 
the point in whose neighborhood/ and g are to be studied may 
be taken without loss of generality at the origin. 

Suppose then that f and g are two convergent series in n, v, x 
vanishing for (u, v, x) = (0, 0, 0), and such thatf(u, t?, 0, 0, * - - , 0) 
and g(u, v s 0* 0, , 0) have no common factor. Then there 
exists a polynomial 



(35) p v* + piir* + ---- (- p, 

in which the coefficients p& (k = i, 2, *, n) are convergent series 
in x having no constant terms, with the following properties: (1) it 
is linearly expressible in the form 

p = cf+ dg, 

where c and d are convergent power series in u f v,x; (2) in a properly 
chosen neighborhood 

(36) \u\ < c, H < *, |a?| < c 

every root (u, v y x) of f and g must also make p vanish; (3) ther& 
exists a constant 5 <i such that for any x in the region 

(37) \x\ < a 
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there u associated with each root v of p a solution (u 9 v } x) of the 
equation f = g = satisfying the inequalities (36).* 

If f(u, v, 0,0, , 0) and g(u 9 v, 0,0, , 0) have no common 
factor, then one at least of them, say /, has terms- in the variable 
u alone, and according to the preparation theorem of Weier- 
strass f(u, v, x) has as factor a polynomial of the form 



(38) a Q u m + aiu m ~ l + - + flm-it* + a m = &/, 

in which a is a constant different from zero, and ai, a*, * - , a m 
are series in u, x without constant terms. The symmetric 
functions of the roots u\ 9 u*> 9 , u m of this polynomial are 
expressible rationally and integrally in terms of the coefficients 
GI, 02, , a mf and are therefore convergent series in v, x. The 
product 



(39) TIg&k, v, x) = h(v, x) 

fc=l 

is a convergent series in Uk, v, x, also symmetric in the variables 
Mk* and hence expressible as convergent series in 0, x. 

The function h(v, 0) does not vanish identically, on account of 
the hypothesis that/'*/, v, 0, 0, , 0)^and g(u>.v, 0, 0, -, 0) 
have no common factor. If it did vanish identically, then for 
every sufficiently small value of a? one at least of the expressions 
g(uk) v, 0) would vanish. But in 10 it was seen that when 
f(u, t?, 0) and g(u, v, 0) have no factor in common, there is always 
an interval < ^ z>i in which there is no value v belonging to 
a pair (w, t 1 ) making both of these functions vanish. 

The preparation theorem of Weierstrass can therefore be 
applied also to the function A(, x} 9 and the polynomial so found 
is the one desired in the theorem. For, in the first place, a constant 
can be chosen so small that every root (u, v, x) of / and g in 
the region (36) must be one of the sets (*, 0, a), and must make 

* A proof that the values of u and v belonging to the roots of a system of 
equations of the form (34) are roots of polynomials similar to (35) was given 
by Poincar in the introduction to Ms Thesis, " Sur les proprie*t&3 des fonctions 

de*finies par les Equations aux differences partielles," Paris (1879). 
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the product (39), and hence p, vanish. In the second place, a 
constant 8 ^ can be taken so small that every root v of p as 
well as the corresponding sets (u k , t>, a:) lie in the domain (36). 
One at least of these sets must evidently satisfy g = O.as well as 
/ = 0. The restrictions on 5 and have been stated somewhat 
roughly, but the reader will readily convince himself that these 
quantities may be selected so that the convergence of the different 
series and their equivalence with the corresponding polynomials 
are properly adjusted. 

Finally, the polynomial p is linearly expressible in the form 
described in the theorem, in terms of / and g. To prove this, 
suppose that the above process has been applied to the functions 
/ a and g ]8. A polynomial P(v, x, a, j8) with coefficiepts 
which are series in x, a, is then found, which may be written 
in the form 

P(v, x, a, 18) = P(t>, *, 0, 0) + Ca + Dfr 

where C and D are convergent series in the arguments of P. 
The series P(u, x, /, g) vanishes identically in u, t>, x since P = 
must be satisfied by every set of variables (u, D, x, a 9 ft) in a 
neighborhood of the origin which make / a and g jS vanish, 
certainly then by the set (u, v, #,/, gr). Hence 



is an identity in u, t?, x, when a and ft are replaced in C arid D 
by the series /, g. But P(v, x, 0, 0) is precisely the polynomial 
o(v, x) found above, since f or a = ft = the steps in the coi> 
jtruction of P(v, x, 0, 0) are identical with those used in finding p. 
If the series f(u, D, 0, 0, - , 0) and g(u, t?, 0, 0, , 0) begin 
with homogeneous polynomials having no common factor of degrees 
m and n, respectively, then the degree of the polynomial pisv 



* In a paper "of recent date tlie writer has developed a generalization of 
tjiis theorem and the results which follow, for a system of equations of the form 
fa(xi, x*, , s; y\t 2/2, , y B ) = ( = 1, 2, -, n). See Transactions of 
the American Mathematical Society, vol. 13 (1912), p. 133. 
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Let the lowest terms of f(u, 0, 0, 0, , 0) and g(u s v, 0, 0, , 0) 
be denoted by <p m (u, v) and $ n (u, c), respectively. One of the 
two, say <p ms has a term involving u alone with coefficient different 
from zero, since <f> m and t^ n have no common factor. The terms 
of lowest degree in the polynomial (35) are also <p m , since the 
series b has constant term unity. In the product (39) the terms 
may be rearranged into groups of the form ctfU, where U is a 
homogeneous symmetric function of a c "tain degree <r in 
i> 2* ' "* m- The expression for such a symmetric function 
is isobaric and has the weight 0* in the coefficients of the poly- 
nomial (35). When x = the terms of lowest degree in U will 
be at least of degree <r in a?, since each coefficient ah of (35) begins 
with the coefficient of u m ~~ k in the polynomial <f> m (u, #). The 
terms of lowest degree in v alone in the product (39) will there- 
fore be those of the product 



ft* B 



feel 

and they have the value ^ n Rja^ in which ao is the coefficient of 
P* in tp m (u, 2?) and R is the resultant of <p m (l, v) and ^ n (l> #)* 
But since <p m and ^ ft have no common factor the coefficient of 
af 1 * is surely different from zero, and the theorem last stated 
follows at once. 
If the substitution 

*Q SS, "" J 1 ^ j Jg 

is made, in which tis a new variable, the series 

, F(u, z, av*) = /(, z - tu s x), 

Q(u, z, x, t) = g(u 9 z tu, x) 

haw a polynomial 

(41) P(*;,<)- CF+DG 

with properties similar to those of p and of the same degree v. In 

* See, for example, Kdnig, Einleitung in die aUgemeine Theorie der alge- 
braischen Gr6asen, p. 311 and p. 271 (d). 
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a properly chosen region 

(42) \u\< c, \v < e, \x\< e 

every root (u, v, a?) of f and 0, defines a factor z tu of F. 

If B ^ is sufficiently small and x a set of variables satisfying 

(43) \x\ < 5, 

$A0r& P fto$ z> factors of the form z tu v, for each of which the 
values (u 9 v, z) are a solution of the equation f = g = in the 
region (42). 

The degree of P must be the same as that of p, since for 
x = t = the series F(u, z, 0, 0), G(u, z, 0, 0) are identically 
equal to the series /(w, t), 0) and g(u, v, 0) when v is replaced by z. 
In a certain region 

(44) \U\ < i, |z| < 6i, |*| < 61, |*| < j, 

where 1 is for convenience taken less than unity, every root 
system (u, z, x, t) of F and G makes P vanish also. If c is taken 
less than ei/2 and t is restricted to the range \t\ < \, every root 
system (, 1?, a) of / and $ in the region (42) gives values u, 
z = tu + V, x, t satisfying the inequalities (44), and hence P 
must vanish identically in t and have z tu as a factor. 

Suppose then that c is a constant satisfying the requirements 
of the theorem with respect to the region (42), and that the region 
analogous to (37) for the polynomial P and the constant <?/2 IP 

(45) \x\ < 8, |<| < S; 

and let x = $ be any set of values satisfying these inequalities. 
If the discriminant of P is not identically zero in t for x = S, 9 
a value t = T can be selected also satisfying (45) and such that 
all the roots z of P corresponding to the values f, r are distinct. 
There are then v distinct root systems (u, a, , r) satisfying the 
inequalities (41) with ei replaced by e/2. The corresponding 
values (u 9 = s >&4 y () are j> distinct roots of / and g lying in 
tte region (41). According to the paragraph just preceding, P 
has therefore v distinct factors z tu . 



76 THE PRINCETON 1 COLLOQUIUM. 

In case the discriminant of P vanishes identically in t for x * , 
the multiple factors of P(z; , t) can be separated out by the 
highest common divisor process, and the factorization of the 
resulting polynomial can then be discussed in a manner similar to 
that just explained. In either case, therefore, P(z; , has only 
linear factors of the form z tu . 

The number and character of the root systems (u 3 , a:) of the 
functions / and g in the neighborhood of the origin are well de- 
fined by means of the polynomial P(; a, 0- To any * in the 
region (43) there correspond v root systems (u, v, x) aot neces- 
sarily all distinct, and the ^-valued functions u(x), v(x) so defined 
are continuous. This is evidently true for the function 0(3), 
since its values are the roots of the polynomial P(v; x, 0) whose 
coefficients are analytic in a?. Similarly z is continuous in a?, 1 9 
since Its values are the roots of P(; x 9 *), and it follows that 
u = (2 - *)/*, for a fixed value < + 0, must be continuous in x. 

If P is not irreducible, that is, not decomposable into similar 
factors of lower degrees, its discriminant A(a:, t) can not vanish 
identically in x, t. At any value x ~ 5 where A{, *) is^not 
identically sero in t, the v factors z in ~ t> of P are all distinct. 
If * - T is selected so that A(, r) + 0, the roots of P are distinct 
analytic functions of x and $ in the neighborhood of & T, and 
the corresponding values of u and t) are analytic functions of # 
in the neighborhood of . 

The values x = near which the ^-valued functions w, a? do 
not surely have v distinct analytic branches, are those for which 
A(, vanishes identically in t. At such a point some of 'the 
values of the root-systems (u, v) coincide, and only those which 
are distinct belong necessarily to analytic branches of the 
functions u y v. The values (f which make A(, identically 
zero must belong to one of the totalities of points defined by 
equating to zero the coefficients of the finite number of powers 
of t in the discriminant A (a;, f)* 

* For the characterization of these totalities alter the method of Kronecker 
for algebraic equations, see Kistler, ""Ueber FuBktionen von mehreren komplexea 
Veranderlichen," Dissertation, Gottingen, 1905* 
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If P(s, x, f) is reducible, arguments similar to those above 
can be applied to any one of its irreducible factors. 

The multiple root-s (u y v f x) of the functions f and g are character- 
ized by the property that the functional determinant d(f, g)/d(n, v) 
is zero at such points. 

For from the identity (41) in u, z, x, I, it follows by differ- 
entiation that 

C U F + D U G + CF U + DG U , 
P z m C Z F + D Z G + CF Z + DG X . 

If the determinant 

\F n ^j r |/. 

\G U G z \ \g u 

vanishes at a solution (u, t>, x) of / = g = 0, the two equations 
aboye show that 

CF U + DG U 0, P* = CF, + DG 2 = 

for the values (it, z = iu + v, x)\ and- it follows that 2 tu v 
is a multiple factor of P, since it occurs also in P r . 

On the other hand suppose that at a set of values (u', v' 9 f ) 
the determinant d(f, g}/d(u 9 ) is different from zero, while/ and 
g vanish. It is to be shown that the polynomial P(z; f, t) has 
tu f + tf as a simple root. All of the roots of P(z; J, have the 
form tu + t>, and some are perhaps multiple. Those which are 
distinct will remain distinct for a numerical value t = r if r 
is properly selected, and the derivative 

(47) JVC*', f, ?, r) = f u (u f , *', f) - if,(u', v', f) 

can at the same time be made different from zero, f being the 
expression TU' + v r . In the expressions 



(48) A,u* + AW" 1 + + A^iu +A m = BF, 
(49) 
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analogous to (38) and (39) for the functions F(u, z, %, t) and 
G(u, z, {, 0, the factor Q(ui 9 z, {, T), where i is the root oH48) 
which reduces to u f for z = f, is the only one which vanishes 
for z = f . To prove this it can be seen in the first place that 
u' is a simple root of (48) for z = f , since the derivative (47) is 
different from zero. Furthermore when z = f no other root % 
distinct from i can make Gfa, z, f , r) vanish. Otherwise / 
and g would vanish not only at the values (u f , v', f), but also at 
(MS'I f 2 ', g), where u* is the value of % for 2; = f ; and 
P(; & would have two roots, tu' + / = tu' + f - rw' and 
^ + f rut, which are distinct for t 4 s T and equal to 
when < = r. On account of the way in which r was selected, 
this is impossible. 

The root u\ of (48), that is to say also of F, has an expansion 
of the form 

F ,(u f , r. g, T) 

ill - | '""JF'.(t.' l > 6,r) (jl " r)+ - 
in powers of z ; and the value of 0(ui, 2, , r) is a series 



whose first term is different from zero, since for the values 
(', f , , r) we have 

IF G I 1 - 

as is readily seen from equations (40). Hence the quotient 
H (z, |, r)l(z f ) is different from zero, and neither H(z, , f) 
nor its polynomial P(z; , f) can have more than one factor 
z - tu' - t?'* 

14. APPLICATIONS OF THE PKECEDING THEOBY 
The real transformation 

,) = 
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has a singular point at the origin when 



(51) 



= 0. 



If one of the elements of the determinant is different from zero, 
it may be assumed without loss of generality to be aw 5 then 
after two transformations 



v = v, 

x f = x, y' = - x + y 

&io 

the equations (50) take the form 

x SB u H- 2o^ 2 + emu + a 2^ + f 
(52) 

y = 6 2 o^ 2 + &iiw + &02 2 + . 

For convenience the primes have been dropped, and the notation 
for coefficients of terms of higher degree than the first is the same 
as that in the original equation. It may further be supposed 
that the polynomials 

<pl = U, ^2 = &20^ 2 + 6ll^ + &Q20 2 

have BO common factor, in other words that 602 4= 0. The origin 
is then a singular point for the transformation (50) of a very 
general type, since aside from the assumption (51) only inequalities 
on the coefficients of the series have been exacted. 
The functional determinant has the expansion 

D(u 9 ) b n u 
and hence has a single branch 



- 





02 



along which D vanishes and on opposite sides of which D has 
different signs. The image A of this curve in the x#-plane has 
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an ordinary point at the origin, as shown by its equations 

4602620 fen 2 , , 



X = U + 



y = 



002 



The region S in the figure has in it one real element of <p and at 
most two of ^, since the solutions of <p = lie on a single real 




FIG. 7. 

curve through the origin, and those of ^ = are either imaginary 
or else lie on two real branches. Hence the region 2 which is the 
image of S lies on one side only of the curve A and overlaps the 
image S' of S'. 

Since <pi and ^ 2 have no common factor, the theorems of 13 
show that there exist two constants, S and , such that the equa- 
tions (52) have two and only two solutions [ui(x, y), Vi(x, y), x, y], 

(x, y), tfe(s, y), x, y] in the region 



\u\ < , M < , |*| < , \y\ < e 
corresponding to any (x, y) in the region 
1*1 < 8, \y\ < 5. 

The functions HI, t>i, u%, 2 so defined are everywhere continuous 
and the two solutions above are analytic, and distinct except 
along tihe curve A. On one side of A they are imaginary, on 
the other real. 
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Another interesting case is that of a transformation (50) for 
which again the coefficients are real, and 

d(p _ dif/ d<p ___ dip 
du "" dv' eh? "" du* 

Such a transformation might be called a inonogenic transforma- 
tion. It follows at once that tp and ^ must begin with two 
homogeneous polynomials, <p m and \fr m , 6f the same degree m, 
which also satisfy the last equations. Consequently 

<p m + iij/ m = (a + ib)(u + iv) m = p m (a + ib) (cos $ + i sin $) m 
and 

cos m6 ~~b sin m0), ^ m = p m (a sin md + 6 cos m0), 



where a and 6 are not both zero. These equations show that 
<p m (u, t?) and $ m (u, a?) have each m real linear factors in u, v, 
and that no factor of <p m is also in \l/ m . 
The determinant D(u, ) has an expansion 



where 

DimI == 



du d v\ 



The homogeneous polynomial D 2m _i has no real root, since such 
a root would necessarily belong to both d<p m ldn and dep m /dt), and 
from the equations 



it follows that #> m and $ m would then have a common factor. 
Hence there are no real points at which D vanishes near the 
origin in the 

7 
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The argument of 11 shows that the elements of <p m and $ m 
separate each other and that a neighborhood of the origin In 
the wr-plane is transformed into a sheet winding m times around 
the origin in the or^plane, as shown in the figure. This is the 




FIG. 8. 



well-known transformation of the neighborhood of the origin 
in a complex w plane by means of a relation of the form 



where z = x + iy and w u + iv. The figure is drawn for m = 3. 

There are many other special cases similar to those just given 
which might be elucidated by means of the theorems of the 
preceding sections, but for which the methods in the two ex- 
amples just given are typical. It may be of interest, however, 
to exhibit an example which illustrates the use of th$ theorems 
of 8, as well as the behavior of a transformation at singular 
points. 

Suppose that the real wu-plaiie is transformed by means of 
the equations 



(53) 



_, 
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The functional determinant has the value 

and it vanishes along the curves 

2 

which have, respectively, the images 

t 

(54) ., ?' ' 



in the ir^-plane. These curves are shown in the accompanying 




FIG. 9. 

figures, the a-axis being drawn triply between x = and #=32/3- 

since this segment is described three times by the point (54) 
with varying u. To the auxiliary arc QO < ^ ^ 2, c = 
there corresponds the curve 

* 9i"oJ ]/ 9 V "^ W r- "/ 



shown dotted in the figure. 
Consider now, for example, the region a in the 
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Its boundary is transformed into the boundary of the region a 
in Fig. 30, According to the generalization of the theorem of 




Fw. 10. 

Schoenflies in 8, the transformation defines a one-to-one 
correspondence between the regions a and a; and the inverse 
functions u(x, y) 9 v(x, y) so defined are continuous over a and 
analytic in its interior. 

Consider now the region of points (u, v 9 x, y) defined by the 
conditions that (u, t>) shall lie in the region b or on its boundary, 
while (x, y) is unrestricted. There is but one sheet of solutions of 
equations (53) in this region, since any two particular solutions 
(u' 9 D f , z'y y'), (", i/') x", y") interior to the sheet can be joined 
by a continuous curve lying entirely within the sheet, as may be 
seen by joining (X, t>') (w"> 0") by a continuous curve in 6. 
No one of the solutions in question has a projection (x, y) outside 
of jS, since otherwise every point exterior to |8 would be such a 
projection, according to the third theorem of 5 or the fourth of 
8; and from the second of equations (53) it is evident that no 
solution (w, u, x y y) hm a negative value for y. On the other 
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hand every point of ft is the projection of a solution. Since ft is 
simply connected, it follows from the fourth theorem of 8 that 
the sheet of solutions is single- valued and that the equations (53) 
define a one-to-one correspondence between 6 and ft similar to 
that for a and a. 

A similar argument can be made for each of the regions shown 
in the figure and its corresponding image in the a:t/-plane. 



CHAPTER III 

EXISTENCE THEOREMS FOR DIFFERENTIAL EQUATIONS 

It is not within the limited scope of these lectures to give a 
complete account of the various methods for proving the existence 
of a system of solutions of a set of ordinary differential equations, 
nor would it be advisable, in view of the many able presentations 
of these fundamental theorems already well known in mathe- 
matical literature. It is rather the intention of the writer to 
insist on conclusions which can be derived from known methods 
with regard to the behavior of solutions in any region of size 
;and shape compatible with the continuity properties of the 
functions by means of which the equations are defined, as over 
against the usual restriction of the problem to a rectangular or 
circular neighborhood of a particular point. It has been remarked 
by Picard* and Painlevef that if a continuous solution of the 
differential equation 

(i) H-Mrt 

exists over an interval a 5i x ft then the Cauchy polygons of 
approximation are defined and converge uniformly to the solution 
for all values of x in the interval. In 17 below it is shown that 
in a region R in which the function / is continuous and satisfies 
the so-called Lipschitz condition, the polygons of Cauchy pass- 
ing through a given initial point (, 17) interior to R define a 
priori a continuous solution of the differential equation extending 
to infinity or else to the boundary of the region. It follows then 
that there is a function 

(2) y = v(x, , *?) 

* Comptes Rendus, vol. 128 (1899), page 1363. 

f Bulletin de la Soctttt Mathematique de France, vol. 27 (1899), p. 151. 
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satisfying the differential equation (1) and defined over a region 
of points (x, {, rj) of the form 

(fc i?) interior to R, ($, y)< x < j8(fc *?), 

and as x approaches a or /3 the only limiting points which the 

points (ar, y) defined by the function (2) can have are at infinity 
or else on the boundary of the region jR. 

In 18 attention is called to the theorems of Bendixon by 
means of which it can be shown that the function *p is continuous, 
and in certain circumstances differentiable with respect to the 
arguments , y as well as with respect to x. The " imbedding 
theorem 5> of Bolza* which asserts that any given solution, near 
which the function / has suitable continuity properties, can be 
imbedded in a one-parameter family of neighboring solutions 
of the differential equation, is an immediate consequence of these 
results, an analogue for differential equations of the fundamental 
theorem for implicit functions proved in 1. 

The methods mentioned above are applicable almost without 
change of wording to a system of equations 

fo Vi> Vt, > n) (0 1, 2, *, n) 

when the symbols y and/ in equations (1) are interpreted as row 
letters in the way apparently first introduced for differential 
equations by Peano.f 

An Interesting deduction from the theorems for a system of 
equations is the proof of the existence of a solution of a partial 
differential -equation 

dz dz 



which is not necessarily analytic in its five arguments, by means 
of the well-known theory of characteristic curves, as described 
in 19, _ 

* Vorlestmgen iiber Variationsrecluning, page 179. 

f "Integration par series des Equations diff^rentielles lindaires/ 9 Matfie- 
mattsche Annalen, vol. 32 (1888), p. 450. 
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15. THE CONVEKGENCE INEQUALITY 
There is an Inequality which is of frequent service in the 

existence proof of the following sections and which can be readily 

deduced from a simple preliminary theorem. 

If u is a single-valued function of t with a well-defined forward 

derivative u' at each point of the interval Q t ti 9 and if 

\u'\ < k\u\ + I 

k and I being two positive constants, then u also satisfies the 
inequality 



where &o^s the initial value of u at t = 0. 
Consider the function 

V j -. ' 



satisfying the differential equation 

u' Jb + I 

and having \UQ\ as its initial value* The value of u is never 
greater than that of t), since otherwise the difference u v 
would vanish and have a positive or vanishing forward derivative 
at some point. At a point where u and t) are equal, however, 

\u'\ < t|| + I = kv + I = *>', 

which is a contradiction. A similar argument shows that u 
is always less than v. 

If u is a single-valued function of z with well-defined forward &nd 
backward derivatives at each point of an interval XQ ^ x ^ #1, 

and such that 

\u>\ < t\u\ + I, 

then, for any and x in the intermit u also satisfies the inequality 
(3) 
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This may be proved from the preceding paragraphs by putting 
f - x _ f OF values of x greater than 5 and t = x + { 
for values less than . 

16. THE CAUCHY POLYGONS AND THEIE CONVEKGENCE OVEE 
A LIMITED INTEEVAL 

It is proposed to consider a differential equation (1) for which 
the f unction /(#, y) is continuous in the interior of a certain region 
jR of the #-plane, and such that the quotient 

, A ^ f(*,y') -/foy) 



y - y 

is finite when (x, y) and (x, t/) lie in any closed region whose 
points are all interior to R. 

A so-called Cauchy polygon for the equation (1) through a 
point (, rf) interior to R is defined by means of equations of the 
form 



2/2 = 



The division points 

$<*!<*< 

may be taken for convenience at equal distances 5 from each 
other. Any value x > $ will lie on one of the intervals x^-i^n* 
and the polygon will either be well-defined for all such values! 
or else there will be a constant j3 such that for every x in the in- 
terval ^ x < ft the points of the polygon are interior to R s 
while f or x = jS the corresponding point (or, y) will be a point of 
the boundary of jR. The polygon defined by the equations above 
may be denoted by Pi(ic), and the analogous one when the division 
points are distant S/2*" 1 from each other by P n (). 

A common interval <I g ^ a f or two functions P(ar), ft (a) 
with respect to any region U may be defined as one over which 
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both are interior to R, and one such that on any ordinate of the 
interval ail the points between (x, P(a?)) and (x, Q(x)) are also 
interior points of R. 

Consider now a closed region Ri interior to R and containing 
the point (, ij), and let m and A be two constants greater respec- 
tively than the absolute values of /(a?, y) and the quotient (4) 
in the region BI. If I > is given in advance, the partitions for 
any two polygons P(x), Q(x) through (, if) can be taken so small 
that 

(5) |P(aO-(*)|j. fc*'-* 1 -!) 

for all mines of x in any common interval of P(x) and Q(x) with 
respect to RI. For at the point (a?, y), where y = P(ar), the equa- 
tion 

P' = /(a, P) + {/(aw, y*-i) - /(*, P) } = /(x, P) + p 

is satisfied by the forward and backward derivatives of the 
polygon P/ On account of the continuity of f(x 9 y) there exists 
for any I a constant jit such that 

\x - x'\ < /*, \y - y'| < M 
imply 

I /(,)- /to lfO|<J/2 

whenever the points (x, y) and (a:, y') are in R^ If the subdivi- 
sions for P(a;) are taken less than ju and //m in length, it follows 
that on the polygon P(x) 

\x Zn~i\ < MJ lP() 2/i| < m|a; x^i| < ^ 

and hence the absolute value of p is less than 1/2. Similarly 
Q(x) satisfies an equation 



where |<r| < 1/2, provided that its intervals are less in length 
than ii and pirn. The difference P Q has forward and back- 
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ward derivatives which satisfy the relations * 

< k\P -Q\ + l, 

and with the help of the lemma of 13 the desired inequality 
follows at once, since P and Q have the same initial value ?? at 
x = . 

If P(x) is a polygon and Q(x) a solution of the differential 
equation, or if both are solutions, the same theorem evidently 
holds true, because then the function or is identically zero, or else 
both p and <r vanish, 

The polygons P n (%) all have a common interval. For take 
positive constants a and b such that the rectangle 

(6) x - a, \y~ v\ b 

is entirely within R 9 and consequently has two constants m and 
Jc analogous to those above for Ri. The portions of the polygons 
in the rectangle (6) all lie between the straight lines 

y fi as =fc wifa ), 

since the slope of any side of any one of them is numericaliy 
less than m. It follows that each is certainly well defined and 
within the rectangle over an .interval ^ x ^ 01, where cti is 
the smaller of a and b/m. 

The sequence of polynomials P n (x) converges uniformly, on the 
interval ^ x ^ + ai, &> a function y(x) which has a continuous 
derivative and satisfies the differential equation (1). The cune 
y = y(%) so defined is entirely within the region R. 

For take > arbitrarily, and I so small that 

i {*-!><. 

Then 
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provided that the intervals S/2*'- 1 and S/2 51 "" 1 are each less than 
the constant /* corresponding to I Hence the sequence P n (x) 
converges uniformly to a continuous function y(x) on the interval 



The equations 



f { 

^l 



hold for every n, and the sequences {f(x, ?) } and {p n } approach 
uniformly the limits f(x, y(s)) and zero, respectively. Hence 



y(x) = 1? + f / 

t/ 



from which it follows by differentiation that y(x) is a solution of 
the differential equation. 

It is easy to show by means of the convergence inequality 
that there is only one continuous solution y y(x) of the dif- 
ferential equation (1) in the region R and passing through (, ij). 
For suppose there were another, Y(x), distinct from y(x) at a 
value x 1 > f . There would then be a value & < #' at which 
y({j) = F(^), and such that the two solutions would be distinct 
throughout the interval & < * ^ #' In a neighborhood of 
the point of intersection (fc, TJI) interior to E a relation 



^nld be satisfied, and hence> from the convergence inequality (3), 



This contradicts the hypothesis that y(x) and Y(x) are distinct 
throughout the interval ft < x ^ a;'. 



FUNDAMENTAL EXISTENCE THEOBEMS. 93 

17, THE EXISTENCE OP A SOLUTION EXTENDING TO THE 

BOUNDAEY OF THE REGION R 

It has been proved in the preceding section that, on a certain 
interval ^ x ^ + i> the polygonal curves y = P w () con- 
verge uniformly to a continuous solution y = #(3) of the differ- 
ential equation (1) lying entirely within the region R. The in- 
terval for which the proof has been given may not be the 
largest one on which the sequence of polygons has this property. 
There will, however, be a number ft S: + ai, possibly infinity, 
with the property that on any interval ^ x ^ fti, where 
j8i < & the sequence of polygons converges uniformly to a 
continuous solution interior to R. A continuous curve y^y(x) 
is thus defined which has a derivative and satisfies the differential 
equation for all values of x in the interval ^ x < j3. 

As x approaches ft Ae, points (x, y(x)) of the solution can "haw 
no limit point (j8, 7) interior to the region R. 

If they did, there would be for any given a value x r < ft 
such that 



\x' - |8| < , W) - y\ < , 
and an integer 2V such that, whenever n ^ N, the inequality 



would hold for all values of x in the interval ^ a: x'. At tHe 
value a:' in particular 



v so that f or n ^ 2V the points (#', P(a/)) would all lie in the 
eneighborhood of the point 03, 7). About the point (& 7) as 
center a rectangle 

(* - j8| -4, |y - 7l 5 
could be described entirely within the region JB, and in the portion 
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RI of R which lay within the rectangle or within the region 



the absolute values of /(or, y) and the quotient (4) would be less 
than two constants m and k, respectively. It can be shown 
without great difficulty that every polygon P n (aO foin^N 
would be defined and lie within the region R for an interval 
extending beyond j3 at least a distance A\ 9 where A\ is the smaller 
of the numbers A and (B me)/m. A proof similar to that of 
16 would then show that the polygons P n (x) converge uniformly 
to a continuous solution of equation (1) interior to RI over an 
interval | <j x ^ + A\\ and consequently /? could not be the 
upper bound described above. 

As x approaches /3, therefore, the only limiting points of the 
solution y = y(x) are at infinity or else are boundary points of 
the region R. If R is further a closed region, that is, one con- 
taining all of its limit points, then there is but one limit point 
for the curve y = y(x) as x approaches ]8. For suppose ()3, 7) 
to be a finite point in any neighborhood of which there are points 
on the curve. About (ft 7) a rectangle 

(7) \x-0\A, \y-~<Y\B 

can be chosen arbitrarily, and the points of R lying in it form a 
finite closed set in which \f(x, y)\ remains always less than a 
constant M. On the interval j8 At < x < /?, where AI is 
the smaller of the numbers A and B/M , all the points of the 
curve y = y(x) satisfy the inequality 



(8) |y-7| 

For if (x f y y f ) is any point of the curve in the rectangle (7) and 
also in an ^neighborhood of the point (|8, 7), then the inequality 

\y--rl \y'-y\ + \v'-y\ 

< M(x' -x)+t 

< M 08 - x) + e 
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most be satisfied by any preceding point P (x, y) of the curve 
y = y(x) for which the arc PP f is interior to the rectangle. It 
follows that the solution must lie interior to the rectangle and 
satisfy the last inequality, at least on an interval ar' A<<x<z f , 
where A 9 is the smaller of A and (B e)/Jf . Hence the 
inequality (8) is also true on a properly chosen interval preceding 
x 0. It follows that as x approaches ft there can be but one 
limit point for the curve y~y(x), and this limit point is either at 
infinity or else is a boundary point of the region R 
When the function f(x 9 y) in the differential equation 



satisfies in a region R the conditions stated at the beginning of 16, 
there exists through any interior point (, ij) of the region R one 
and but one continuous solution 

(9) y = ?(a, & n) 

of the differential equation. This solution is defined and interior 
to Rfor all values of x interior to an interval 

(10) (fc i?)< x < |8(fc *), 

while as x approaches one of the end values a or {$, the only limiting 
points of the solution are either at infinity or else on the boundary of 
R. If the region R is dosed, then the solution has a unique finite or 
infinite limit point as x approaches a or 0. 

18. THE CONTINUITY AND DIFFEHENTIABILITY OF THE 
SOLUTIONS 

It can be shown by methods due to Bendixon* that the func- 
tion <p(x, , 1?) and its derivative <p x (x f , 17), whose existence has 
been proved in the preceding sections, are continuous in all three 
of their arguments, and if the function f(x 9 y) has continuous first 
derivatives with respect to x and y in the interior of the region R, 

* Bulletin de la SocMtl Mctthtmatigm de France, vol. 24 (1896), p. 220. 
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then <p and <p x have also continuous first derivatives with respect 
to all of their arguments. 

The continuity at any set of values (x, , i;) for which (, ??) 
is in R and x satisfies the inequality (10) is provable with the 
help of the convergence inequality of 16. For there will 
always be a region R$ about the arc S of the solution (9) over the 




FIG. 11. 



interval from to , of the kind symbolized in the figure, and so 
small that it lies entirely within the.region R. If ({+A, 
Is any point in R, then the solution 



OS) = <P&> + A, TJ 

satisfies the inequality 

(11) |?(* + A?, + Afc i? + ATI) - <p(i; + Afc fc 



where m is the maximum of the absolute value of f(x, y) in R&, 
on account of the relation 



(12) |*- 



f 

/- 



^-f A| 



Hence as long as S remains within the region R Sj it satisfies the 
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convergence Inequality 

\<p(x, + A?, )? + AT?) - ^(z, , rj)I 



the initial values of the two solutions being taken at x = + A. 
If A and A?? are sufficiently small the expression on the right 
is less than 5 for all values of x belonging to the region R s , and 
hence S must be defined and interior to R$ for all such values. 
Otherwise, for some interior value of x, it would attain one of the 
values <p(x, , 77) =*= 5, which is seen to be impossible on account 
of the choice just made of A and A?|. 
Consider now the difference 



By a step similar to (12), and the inequality (11), it is seen to be 
less than 

m\Ax\ 



whenever A and AT; have been so chosen that S lies entirely in 
the region R. Hence the continuity of <p(x, %, ij) is proved. 

To prove the differentiability of <p with respect to and 77, 
assume that f(x, y) has a continuous derivative f v in the region 
R, and consider the same solutions S and^ S in the region J? fi . 
The difference of their ordinates satisfies the equation 



f(x, <p + A<p)-~ f(x, <p) = Atop, 
ax 

where, by Taylor's formula with the integral form of remainder, 



I f y (x, <p 
Jo 



is a continuous function of x, A, AT?, the values , i? being con- 

8 
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sidered as constant for the moment. Hence 



= ce 



When A = or At? = 0, the constant c has respectively the values 



c 



, r?) - ?($, f , 17) = f 

J^-F 

, 77)), 



where < 6 < 1. Hence the quotients A<p/A, A<p/A?? have well- 
defined limiting values 



It may be remarked in conclusion that the theorems which 
have been proved in 16-18 are true for systems of equations 
as well as for a single one. 

19. AN EXISTENCE THEOEEM FOR A PAETIAL DIFFEKENTIAL 

EQUATION OF THE FIEST ORDER WHICH is 

NOT NECESSARILY ANALYTIC 

Proofs have been given by Cauchy, Kowalewski, Darboux, 
and others for the theorem that in general there exists one and 
but one analytic surface 

z = z(x, y) 

which passes through an arbitrarily selected analytic curve C 
in the x^-space and, with the derivatives 

dz dz 



satisfies a differential equation of the form 
F&, y> *, P, q) = 0, 
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where F is an analytic function of its five arguments. These 
proofs, however, say nothing about the solutions which may 
exist through a curve C whose defining functions are not ex- 
pressible by means of power series; and they are not applicable 
when F itself has not this property. An existence proof is to 
be given below which is based upon much less restrictive as- 
sumptions on the functions F and the curve C. It involves the 
well-known theory of characteristic strips, which are solutions 
of a set of ordinary differential equations. If a one-parameter 
family of characteristic strips intersecting a given curve C is 
properly selected, it will generate a surface S which is a solution 
of the differential equation. The existence of the family and the 
differentiability of the surface depend, however, upon the 
existence and differentiability of the equations of the character- 
istic strips with respect to the initial values of the variables 
which they involve, that is, upon theorems similar to those which. 
have been developed in the preceding sections. 

Suppose that the function F is continuous and has continuous 
first and second derivatives in a certain region R of points 
(x, y, z, p, q). The differential equations satisfied by the charac- 
teristic strips have the form 

dx P d & _ p dz - r>p i n p 
fa** 1 *' Ju"" 1 *' fa- pF + qF > 
(13) 



Through any initial values (, ??, f, TT, K) interior to jR these 

equations have a solution with equations and initial conditions 
of the form 

X = X(U, , 1?, f, 7T, 1C), = 3(0, {, ??, f, 7T, K), 

y = y(u, fc y, f, v 9 K), 77 y(0, |, 17, f, T, /c), 

(14) 2 = Z(U } f, ^, f, T, 1C), J" = Z(0, {, ?7, f f IT, JC), 

p = p(, fc T?, ?, T, K), ^r *= p(Q, {, 17, f , TT, ic), 

? = 9(w, , ?, f, 9r, ), = tf(0, & 17, Ti ^"i *), 
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and such that each of the functions on the left and its derivative 
for u are continuous and have continuous first derivatives in a 
region of values (u, , q, f, TT, K) for which (, ??, ", w, K) is a 
point interior to R and u lies in an interval, containing the value 
u 0, of the form, 

(& *?, f, ?r, /c)< w < j3(, 17, f, IT, K). 

The points (x, y, z, p, g) so defined are all interior to the region K 
Along the solution (14) the equations 

(15) px u + qy u z u = 

JjTTI 

(16) ^ + J y y tt + F,z + Frffe + Frf, = 



are satisfied identically, so that the direction p : q : 1 is always 
normal to the curve defined by the first three equations. Evi- 
dently if F vanishes at a single point of the strip, it will also 
vanish at every other point. The solutions (14) along which F 
vanishes are called characteristic strips, and any one of the 
strips (14) will surely be of this type if the initial condition 



, v, t, IT, K) = o 

is satisfied. 
Consider now a continuous and differentiate strip of elements 



(17) z - (t>), y 



which lies in the interior of the region R and satisfies the con- 
ditions 

< 18 > - s - + ,T^"o,' 



where the arguments in the derivatives of F are the same as those 
in the second equation. The first two of these conditions imply 
that the direction x : K : 1 is normal to the curve 

(19) x = (), y 
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and that the curve and its strip of normals satisfy the differential 
equation. The third prevents the strip from being a so-called 
integral strip of the differential equation, through which there 
does not in general -pass a unique integral surface without 
singularities. To make the situation simpler it will be supposed 
that the projection of the strip (17) in the ay-plane does not 
intersect itself. 

When the functions (17) are substituted in the equations (14), 
a new system 

x = X(u, v), y = Y(u, t>), z Z(u, v), 
p = P(w, t>), q = Q(u, 0) 

with the initial conditions 

= 7(0, v), {(v) = Z(0, if), 



<21) ,(.)-P(o,,), 

is determined. There is a region 

(Ruv) A !S U iS x>, t?i jS V S: t?2> 

where A is a negative and B a positive constant, in which the 
functions (20) are continuous, have continuous first derivatives, 
and satisfy the relation 

X u X v 



(22) 



F, 



For if M is the maximum of the absolute values of the functions 
on the right in the equations (13), for a closed ^neighborhood of 
the points of the strip (17) in the interior of jR, then the solutions 
(14) are defined at least over an interval \u\ /Jf, and the 
absolute values of A and B can be taken at least as great as this 
constant without disturbing the continuity properties desired 
for the functions (20) in the region R w . The condition .(22) is 
satisfied for the values u = 0, % ^ v ^ % because of the first 
two of equations (13) and the third of the relations (18) ; and the 



102 THE PRINCETON COLLOQUIUM. 

region R U v can therefore be chosen so that the determinant is 
different from zero everywhere in it. 

By an argument similar to that used in proving the theorem 
of 4 it can be shown that A and B can be restricted still further, 
if necessary, so that no two distinct points (u' 9 v') 9 (u" y v") in 
the region R uv define the same point (x } y) by means 
of equations (20). The boundary of the region R uv is trans- 
formed then by the first two of equations (20) into a simply 
closed regular curve in the xy-pl&ne which bounds a portion 
Rxy of the a:t/-plane. The equations establish furthermore a 
one-to-one correspondence between the points of R uv and those 
of R X y, and the functions 

(23) u = u(x, y} 7 == t>(a?, y) 

so defined are continuous and have continuous first derivatives 
in Rxy, The others of the equations (20) define then three 
functions 

(24) z = z(x, y), p = p(x, y), q = q(x, y) 

which are also continuous and have continuous first derivatives 
in Rxy, and which with the values (23) for u and v satisfy the 
equations (20) identically in x, y. 

The functions (20) satisfy the relations 



(25) PX V + QY V - Z v = 0, 

F(X, Y, Z, P, Q) = 0, 

identically in" u, v. The first and third of these follow at once 
from the equations (15), (16), the second of the equations (18), 
and (21). The expression 



Q(,i>)- 
has the initial values 
(26) 0(0, i) *& + *, - fc. 0, 
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which vanish on account of the first of equations (18). Further- 
more 

= P U X V + Q V Y V 



and from the first of equations (25), 
= JVT + Q*Y U 



By subtracting the last expression from that for fl u and using 
the equations (13) which the functions (20) satisfy, it follows that 



Q U Y V - 



in which the arguments of the derivatives of F are the functions 
(20). Hence with the help of the third of equations (25) and 
the initial values (26), 

Qu - OPi, - 0(0, i)/* ' <4W - 0. 

The single-valued function z(x 9 y) defined above over the region 
RXJ, has the derivatives 



Z u Y u 
Z, Y, 



JC U 



, y), Z y = 



- ^fe V), 



found by substituting the functions (23), (24) In the equations" 
(20), differentiating the resulting identities, and applying- the 
first two of the relations (25) . It satisfies the differential equation 
F = on account of the third of the equations (25). Further- 
more 

x, y> %(%> y)> pfe y)> $&* y) 

reduce to , 1?, f , TT, K at any point of the strip (17), since at such 
a point u(%, q) = and the relations (21) are satisfied* 
It has been proved therefore that thefre is a single-valued 
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function 

(27) z z(x, y), 

defined over a region R xy of the a^-plane, which is continuous and 
has continuous first and second derivatives, contains the initial 
strip (17), and satisfies the differential equation F = 0. 
There is no other surface 

(28) z = zi(x, y} 

defined over the region R xy and having these properties. If there 
were such a one, it would have to contain all of the points of the 
strips defined by equations- (20). To prove this, suppose that 
(x*, y f , z' 9 p', q') is an element belonging to one of the strips (20) 
for values (u r > t>')> and also to the surface (28). The equations 

(29) -JT- = F p (x, y, zi, pi, 91), j = F Q (x, y, z l9 pi, gO, 

where pi and qi are the derivatives of 21, have a unique solution 

(30) x = &i(tO, y = yi(u) 

reducing to x f , y f for the initial value u = u' and defined over an 
interval u' c ^ u ^ u f + e. The corresponding equations 

(31) x = a?i(tO, y = yi(u), z = zi(u), 

P = Pi(u), q = qi(u), 

found by substituting the functions (30) in zi, pi, qi> define a 
characteristic strip. For on the surface (28) the equations 



F& = 

are identities in x, y, where r i, ^i, ti are the three second derivatives 
of Zi(x, y). As a result of these identities and the equations (29), 
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dzi dx dy 
_ Pl _ + qi - 



where the arguments of the derivatives of F are the functions 
(31). The equations (29) and (32) show that the strip (31) 
is a characteristic strip. Its initial element for u = u r is 
(#', ?/', z' 9 p', ?')> the same as that for the strip (20) corresponding 
to v = v f . Hence the two must coincide on the interval u' c 
^ w ^ u f + on which both are defined. 

The initial element (21) of any one of the strips (20) is by 
hypothesis on the surface (28). According to the last paragraph 
all of the elements of the strip in an interval \u\ ^ must also 
lie on the surface, and it follows that there can be no upper 
bound except B for the values of u for which this is true. If 
u' < B were such a limiting value, the element (a/, y', z f , p' f q f ) 
corresponding to u' on the characteristic strip would also belong 
to the surface, on account of the continuity of zi(x, y) and its 
derivatives; and the interval of coincidence would therefore 
be necessarily longer than ^ u < u f . 

For any point (x, y) in the region Rgy there is but one set of 
values (u, t>) solving the first two of equations (20), and the cor- 
responding value of z from the third equation belongs to both 
of the surfaces (27) and (28). The two surfaces must therefore 
coincide throughout. 

Suppose now that an initial curve of the form (19) is given 
instead of the initial strip (17) , If to any value % defining a point 
(o> ijo> To) of the curve there corresponds a direction TO : KO : 1 
satisfying the relations (18), and such that (0, .170, ?o> ^o KG) is 
interior to R, then there will be a strip of elements of the form 
(17) along the curve containing these initial values for t * t?o* 
For the first two equations (18) have the solution (% ?r0, KO) 
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when their first members are regarded as functions of v, TT, K, 
and on account of the third relation (18) their functional de- 
terminant for TT, K does not vanish at these values. According 
to the fundamental theorem of 1 there is therefore a pair of 
functions ir(v) f K(V) defined over an interval vi ^ v ^ 1% con- 
taining fl and satisfying, with 00, 17(0), 00> tte relations (18). 

The results of the preceding paragraphs may be summarized 
as follows: 

Suppose that 

(C) z= 00, y = *00> 



is a continuous and differentiate curve, at some point (Q, 770* o) 
.as (0>o), 17(00), ffao)), 0f tofttcfc Jfere w a normal TO : /c : 1 
satisfying the equation 



W> fo^ TO, KO) = 0. 
Suppose furthermore that 



4=0, 



and that the initial element ( > ^o f o, TTO, KO) lies in a region R of 
points (x f y, z, p, q) in which F is continuous and has continuous 
first and second derivatives. Then there is a strip of the form 

OS) x = {(a), y * i?(), 2 = 00, p = T(), q = *00 



containing (| > *?o* o> TO? o) /or t> = ??o^ ctw^ ^wcA ^fea^ aZZ of ito 
elements haw the properties ascribed above to this initial one. If 
the projection Cxy of C in the xy-plane does not intersect itself t the 
characteristic strips of the differential equation 

F&, y, * P, q) = 
which pass through the elements of S simply cover a region R^ of 
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i he xy~plane and envelop a single-valued surface 

z = z(x, y). 

This surface is continuous and has continuous first and second 
derivatives in R xv , contains the strip S, and satisfies the differential 
equation F = 0. There is no other surface our the region R^ which 
Jias these properties. 
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